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Geometrical knowledge his formed the founda- 
tion of all the exact sciences, and the originality 
of Lobachevsky’s geometry has marked the dawn 
of independent scientifi: development in Russia. 
The seeds of science will yield a harvest for the 
people. 


D. I. MENDELEYEV 


A telegram sent to the Kazan 
University on the occasion of the 
100th birthday anniversary of 
N. I. Lobachevsky. 


What Vesalius was to Galen, what Copernicus 
was to Ptolemy, that was Lobachevsky to Euclid. 
There is, indeed, a somewhat instructive parallet 
between the last two cases. Copernicus and Loba- 
chevsky were both of Slavic origin. Each of them 
has brought about a revclution in scientific ideas 
so great that it can only be compared with that 
wrought by the other. And the reason of the 
transcendent importance of these two changes is 
that they are changes in the conception of tha 
Cosmos. 


W. K. CLIFFORD 
Lectures and Essays 


In 1942 people in many countries marked the 150th 
anniversary of the birth of Nikolai Ivanovich Lobachev- 
sky,! the great Russian scientist, founder of non-Euclid- 
ein geometry. This is a completely mew science and 
wthough built on the old, classical geometry, the latter 
is no more than a cornerstone in its foundation. Loba- 
chevsky’s ideas brought about a serious evolution in 
nanny aspects of geometry which prior to this seemed 
basically a science that had stopped completely in its 
ancient Hellenic forms. Before Lobachevskv the elements 
of geometry were regarded by many thinkers as some- 
(hing inherent, as something eternal or at any rate part 
of our consciousness and the only possible and necessa- 
ry forms of our thinking, that is as something indestruc- 
{ible and unchangeable, as an eternal, God’s truth. Lo- 
hachevsky’s work destroyed this idealistic concept. His 
leas made ia deep imprint on all the elements and forms 
of mathematical construction; they came to be the 
viuiding principles in all branches of exact knowledge— 
iechanics, physics and astronomy; they became very 
important, and in certain spheres the decisive element 
in philosophy. Clifford, a British mathematician, called 
Lobachevsky the Copernicus of geometry, comparing the 
preat geometer with the founder of the modern heliocen- 
(ric system of the Universe. 

In the history of mathematics, in the history of knowl- 
edge and philosophy Lobachevsky, along with Archime- 
des, Galileo, Copernicus and Newton, will always rank 
among the founders of these sciences. 


! Lobachevsky was born in 1792.—Ed. 
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Many years passed before Lobachevsky’s ideas, which 
were peculiar and difficult to understand, received gen- 
eral acknowledgement. The words of acknowledgement 
and worship by people who were able to apprehend the 
ideas were only uttered some fifty years after they had 
been pronounced by Lobachevsky. 


I 


In 1870 H. Helmholtz, a famous ‘scientist of the past 
century, made a speech at Heidelberg University before 
a meeting of professors ‘and scientists on the “Origin 
and Significance of Geometrical Axioms.” The speech 
opened with the following words: 


“The very fact that a science such as geometry 
can be constructed has long ago attracted keen at- 
tention of all who took serious interest in funda- 
mental questions of the theory of knowledge. Of the 
branches of human knowledge there did not seem 
another, which, like geometry, appeared before us 
in such complete and ready form, and scientifically 
fully armed, as the Pallas Athene from the head of 
Zeus; there was not another before the aegis of which 
so few would dare voice contradiction or doubt. 
The continued and laborious task of experimental 
accumulation of new data which confronts natu- 
ral science in the narrower sense is alien to geome- 
try. Its sole method of scientific advancement is de- 
duction; one logical conclusion follows another, and 
yet every sober-minded person is fully aware of the 
fact that geometrical propositions must find purely 
practical application in everyday life; land survey, 
architecture, engineering and mathematical physics 
are always calculating space relations of various 
kinds; it is believed that the results of constructions 
and experiments are subordinate to these calcula- 
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tions; so far there has not been a single instance of 
these expectations deceiving anyone who had cor- 
rectly made the calculations with precise and ade- 
quate data at his command.” 


The views expressed in these opening words by no 
incans express the outlook of Helmholtz himself. The very 
fact that our geometry exists, that it is founded on its own, 
seemingly unshakable basis, and plays such an exclusive- 
ly important role, that it is the foundation of all exact 
knowledge is ia fact, Helmholtz points out, which has 
always been advanced as a convincing and imposing 
example of the possibility of cognition of concrete facts 
without any experimental base. Pointing out, however, 
that this view was being advanced by representatives of 
idealistic philosophy, including Kant, who undoubtedly 
propagated an idealistic outlook on these outstanding 
issues, Helmholtz considered the main task of his lecture 
{o refute this standpoint. This was all the more impor- 
tant since the matter in question belonged to the basic 
controversies of the philosophical systems. It was the 
subject of many discussions; many different arguments 
were advanced against Kant’s views before, too. But 
Ifelmholtz did not follow the line of trivial argumenta- 
tion, did not repeat the old arguments which many did 
lot consider very convincing. Helmholtz pursued a spe- 
cial aim; he strove to advance new proofs which in 
those days were little known and which were strikingly 
tunconventional; these were proofs the apprehension of 
which required and still requires concentrated and stren- 
uous thought, a bold mind, capable of overcoming the 
soundest traditions. It was a question of a new whole, 
thoroughly developed mathematical construction, which 
came from far-away Kazan, of the work of the Russian 

1H Helmholtz, Ueber den Ursprung und die Bedeutung der 


geometrischen Axiame. Vortrage und Reden, Bd. II, Braunschweig, 
1884. 
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scientist Nikolai Ivanovich Lobacheysky. As a matter of 
fact these ideas were then of forty years’ standing; but 
overwhelmed by Hellenic geometry which completely and 
unreservedly possessed all minds, the foundations of 
which were considered indestructible, they remained for 
many years an experimental mathematical theory, which 
only received recognition two or three years prior to 
Helmholtz’ pronouncements, and then only in a very 
small group of mathematicians. The new geometry, creat- 
ed by Lobachevsky and his followers, penetrates much 
deeper into the substance of natural science than was 
possible for Euclidean geometry. Even today it has not 
said everything; its many and varied applications are 
still in a stage of development and intensive research. 
When Helmholtz read his lecture non-Euclidean geome- 
try was known to only a few mathematicians, but it had 
already shed a new, bright light on fundamental philo- 
sophical issues which formed the keynote of his speech. 
He had set himself the task of disseminating Lobachev- 
sky’s ideas among larger groups of scientifically-minded 
people and giving on their basis a substantiated reply 
to matters concerned with the topic of his speech, It was 
the first article to appear in the press which aimed at 
popularizing Lobachevsky’s ideas, and not only their 
mathematical aspect, but also their philosophical con- 
cepts—and it met with success. 


II 


“...Geometry appeared before us in complete and 
ready form, and scientifically fully armed, as the Pal- 
las Athene from the head of Zeus,” says ian excerpt from 
Helmholtz’ speech. This, of course, is only a figure of 
speech, used to contrast geometry with experimental nat- 
ural science. Geometry originated in the East—in As- 
syria, Babylonia, India—in the long, long past, satisfy- 
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ing the elementary requirements of life, economic rela- 
tions, rudimentary astronomy and serving as a means 
of making the ‘simplest measurements on earth and in 
the sky. From the Asiatic East geometry penetrated into 
Egypt where it was cultivated by the priests who were 
then already in need of more complex computations and 
measurements for land survey, for restoring borders 
washed away by the Nile floods, for big building, con- 
struction of pyramids and for navigation. The computa- 
tions, made on the basis of the measurements, were origi- 
nally estimated by sight, by touch and frequently led to 
errors. To rectify these mistakes it was necessary to 
verify the foundations upon which these computations 
were based—to substantiate them. The manifold objects 
and combinations to which the computations were ap- 
plied, analogous in character, prompted a diversion of the 
observed space relations from certain objects, led to ab- 
straction, to theory. This none too infantile geometry was 
apprehended by the Greeks and was developed in the 
Ionian and Pythagorean schools of philosophy. In this 
country where culture had reached a higher level and 
where technique was already being considerably devel- 
oped geometry was applied more widely, and since ab- 
stract thought was then on an incomparably higher plane, 
abstraction entered far more quickly into geometry. Nev- 
ertheless, more than three centuries passed (from the 
seventh to the fourth century B.C.) before geometry de- 
veloped into a complete scientific subject. It follows thiat 
geometry came into being and developed throughout 
many centuries to meet the requirements of everyday life 
and technique and in the course of general cultural de- 
velopment and not suddenly as the Pallas Athene from 
{he head of Zeus. In this process every proposition estab- 
lished by means of logical conclusion was a conquest 
which did away with the unreliable results of experi- 
ment; and with each such conquest the tendency grew 
towards the development of geometry along synthetic 
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lines. In the Plato school (fourth century B.C.) the tend- 
ency towards logical development of a scientific subject 
became a guiding principle in philosophy and geometry 
was to serve an eloquent example in this respect. Aris- 
totle, despite his differences with Plato, gave a logical 
scheme for this in his Organon. 

In its deduction geometry had, of course, to proceed 
from certain initial elements. As one and then another 
element was proved, logically deducted from simpler ele- 
ments there inevitably arose propositions which could 
not be proved, against which deductions were of no avail, 
and which on the contrary had to be considered as ini- 
tial elements of that science. These initial elements Greek 
authors called axioms from the Greek word aétoc— 
deserving (confidence). According to Aristotle every deduc- 
tive science, including geometry, had to begin with a defini- 
tion of the concepts with which it operates, and with axi- 
oms; this must be followed by a continuous chain of con- 
clusions. But in the course of the thousand, or, maybe, 
thousands of years that had passed since the birth of 
geometry in the East to the development which it had re- 
ceived in Hellas, in the school of Plato and Aristotle, man 
did not remember, was not even conscious of the fact 
that these theories were developed from a iarge number of 
facts amassed through elementary daily experience. Due 
to their simplicity and mainly because of the absolute con- 
fidence they evoked they were attributed to human con- 
sciousness as being an indivisible element of the mind; 
Plato’s idealistic concepts firmly incorporated this view- 
point; two thousand years later it appeared in ‘some- 
what different expressions, but actually in its pure state, 
in the works of Kant. 

It should be mentioned that Kant was by no means 
such ia hopelessly idealistic mvstic as was Plato; on many 
questions his views were materialistic. But such was 
the faith in the inviolability of our conceptions of space 
and time that this was a border line beyond which Hel- 
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lenic geometry ruled; in the sphere of gnosiology they 
were connected with Kant’s idealistic views, which in the 
lirst quarter of the XIX century, when Lobachevsky be- 
van to develop his work, reigned supreme in scientific 
circles. They were also widespread in Russia. 

We are forced, however, to return to Hellenic geome- 
try. The very idea of a synthetic construction of geome- 
try as an alignment of propositions, consecutively 
evolved by means of deduction did not, of course, occur to 
Plato without precedent. It was developed durjng the 
centuries and was applied, as previously stated, by the 
Pythagorians and Hellenists and then found its way in- 
to the rolls of geometry. These rolls did not reach us but 
some of them we know from the names of their authors. 
In Plato’s academy the roil of Phidias from Magnesia 
prevailed. 

After Plato and Aristotle, at the close of the fourth 
century B. C., the centre of Hellenic culture passed from 
Athens to Alexandria—a city, which then was only re- 
cently founded by Alexander of Macedon. There, a neo- 
Platonic school of philosophy came into being which, fol- 
lowing the Plato tradition, extensively cultivated ge- 
ometry. Early in the third century B.C. Phidias’ roll of 
geometry was superseded by a composition compiled by 
Euclid, a member of the school. It was a big composition 
in thirteen volumes which followed the general logical 
line of Aristotle and is now known as Euclid’s Elements. 
The name does not fully convey the Greek title Ltotsta 
—a word which above all signified the letters of the al- 
phabet and as the tithe of Euclid’s work expressed more 
than the elements of geometry: it is basic material from 
which the whole of mathematics is constructed, in the 
same way as a written word is made up of letters. Eu- 
clid’s Elements—a most remarkable work—is actually a 
compilation which, however, entailed a great deal of pro- 
found independent thought. In his work Euclid gave an 
exposition of the basic mass of Greek geometry. In ad- 
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dition, three volumes (VII-IX) contain material deal- 
ing with the teaching on numbers which, in a measure, 
is also connected with geometry, while one (X) is devot- 
ed to the general theory of irrational quantities. 

Elements is striking for the power of its logical con- 
cepts. It is that uninterrupted chain of seemingly irre- 
proachable deductions which, voicing general recognition, 
Helmholtz spoke about in the aforementioned excerpt. 
Euclid’s Elements left far behind and ousted all the rolls 
of geotnetry compiled before them. The Elements came 
down to the Renaissance in various Greek rolls, which 
were not quite identical, as well as in Arabian transla- 
tions, which differed even more from one another. The first 
Latin translation of Elements from Arabian was made in 
the thirteenth century. Late in the fifteenth century it ap- 
peared in print—this was the first serious printed work 
on mathematics. From the middle of the sixteenth centu- 
ry, when book printing developed, and education and 
scientific research grew in scale, new editions of Ele- 
ments appeared and very quickly grew in number. First 
they appeared in the Greek language and in Latin trans- 
lations and then-in the national languages of the readers 
and students.! 

Notwithstanding its rather difficult transliteration Ele- 
ments took comp!ete: possession of the school and until the 
close of the eighteenth century remained, one might say, 


1 In the Russian language five editions of Elements were pub- 
lished. Of them the first three appeared as far back as the eighteenth 
century in translations rendered from the Latin text. The first Rus- 
sian edition was released in 1739; the translation was done by I. Ta- 
tarov, a surgeon. In 1819 a translation appeared by F. Petrushevsky 
from the Greek original. This publication is in no way inferior to 
the translations in the West. And finally in 1880 a new translation 
of Elements was published by Professor Vashchenko-Zakharchenko,. 
Kiev University..In 1948-50 Gostekhizdat (Moscow) published a 
new three-volume edition of Elements which was prepared by Pro- 
fessor D. D.. Mordukhai-Boltovsky. 
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IV KAIA OBB 


ZJAEMEHT bi 
H3b ZBEHATHWATH HEOTOHOBH KD KKK DB 
BbIOPAHHbIA. 


Vu 
Bb OCMb KHyMrb 
UpEsD MpOPECCOPA MAGOEMATIKK 
AHAPEA MAPXBAPCOHA 
COK PAWEHH HE A> 


Cb AATIHCKATO ma pOCciNKiM A3bIKD 


xipyprycomb iBAHOMb CATApoBHMD 
TIPEAOAEHHDLA . 


neg ees ener | 


HAMEYATAHEL npn CAHRT DIETEp6Ypr'b 
Bb Mopcxou Akasemiyeckon Tvmorpadin 
Tleppsmb Tvcueniemb 1739 Abma: 


Title page of the first Russian edition 
of Euclid’s Elements 


the sole source of the principles of geometrical knowledge. 
The geometrical material contained in Elements received 
universal acknowledgement. Jerome Cardan (sixteenth 
century), a famous Italian mathematician, expressed his 
admiration for Euclid’s Elements in the following words: 
“The indisputable strength of their dogmas and their per- 
fection is so absolute that no other work can justly be 
compared with them. They give out such a light of truth 
that, apparently, only the one who has apprehended Eu- 
clid can distinguish in the complex questions of geometry 
the true from the false.” Three hundred years later, in 
the middle of the nineteenth century British geometer 
De Morgan wrote that there had never been a geometrical 
system which would substantially differ from Euclid’s 
plan, Until he saw one with his own eyes, De Morgan 
went on, he would not believe that such a system could 
exist. Thus for ages faith was fostered in the unquestion- 
able merits of Euclid in the matter of content and the gen- 
eral structure of Elements. Euclid’s geometry was _ re- 
gianded as an irreproachable creation of scientific thought, 
and the general impression derived by anyone, who was 
able to apprehend Elements, confirmed this. 

However, mathematicians, who made a deeper study of 
Elements, who carefully analyzed each proposition sepa- 
rately, appraising it not only in respect to content but also 
from the point of view of consistency of logical conception, 
were inclined to criticize it. For many centuries no one 
dared compete with Euclid, write new elements of 
geometry, but there was no lack of criticism of his general 
views and some of his principles. The publishers of Ele- 
ments as a rule accompanied them with numerous re- 
marks, some of which were designed better to explain 
Euclid’s ideas while others suggested more simple proofs 
and frequently exposed the weak sides of the roll, its short- 
comings. In their publications commentators wrote scho- 
lia—marginal notes on the manuscript, or explanatory 
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notes in the texts. These scholia usually passed from one 
publication to another. There were so many of them that 
Heiberg, a modern publisher of Elements, cites over 
1,500 recorded scholia. 

What actually were the weak sides of Elements as indi- 
cated by the commentators? Some pointed to inadequacies 
in Euclid’s arguments; this was often justified but the de- 
fects were easily rectified. Others pointed out that fre- 
quently Euclid’s proofs were not based on strictly logical 
conclusions as was required by Plato and Aristotle. A care- 
ful analysis revealed that in Elements intuition, visual 
perceptions, considerations based on self-evident facts, 
that is on the sense of sight, often took the place of de- 
duction. Anyone who has studied geometry will, of course, 
recall how often he was helped out by a drawing and 
not by any logically established signs. Considerations of 
this kind, founded on visual presumptions, are so abun- 
dant in Euclid’s discourse that the ‘‘chain of logical de- 
ductions” is violated at every step. Elements had to be 
regarded as ia gaudy mixture of logic and intuition. This 
did not undermine the faith in the accuracy of the results, 
lor the arguments, founded on graphic illustrations, 
were very convincing and aroused no doubt. But they did 
not satisfy the reader who wanted a strictly logical con- 
clusion. Where, ‘however, lay the source of this logical 
inconsistency? Undoubtedly it lay in the weakness of the 
very foundation on which the entire system of Elements 
was built. 

Following the line of Aristotle, Euclid begins his com- 
position with a definition of the concepts (the objects), 
with which geometry operates (point, line, straight line, 
surface, plane, etc.) and with the axioms which constitute 
ils basis. Every student of geometry knows Euclid’s 
axioms, One of them refers to any quantity, as, for exam- 
ple, “Things which are equal to the same thing or to equal 
things are equal to each other”; “If equals be added to 
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equals the wholes are equal or if equals be subtracted from 
equals, the remainders are equal.’ Other axioms are of a 
purely geometrical character: “Through any two points in 
space there can be one and only one straight line’; “A 
straight line may be produced to any length.” Axioms of 
the second kind Euclid called postulates. We cannot here 
go into the reasons for this distinction nor can we quote 
the entire list of Euclid’s axioms and postulates and thor- 
oughly analyze them. The significant thing is that the 
commentators concentrated on the criticism chiefly of 
Euclid’s fundamental definitions, axioms and postulates. 
Their analysis clearly showed that the foundation was 
weak, that the solid edifice of geometry was supported also 
by other foundations which did not find expression in 
Euclid’s definitions and axioms. 

Suffice it to quote Euclid’s first two or three definitions 
to make this crystal clear. 


“Definition 1. A point is that which has no part. 

“Definition 2. A line is breadthless length (what 
then is length? Can we speak about length, without 
first establishing what is a line?). 

“Definition 3. The extremities of a line are points.” 


The aim of Euclid’s commentators was, in the first place, 
to make good these defects, to strengthen the founda- 
tions of geometry and to add new ones. The commenta- 
tors severely criticized Euclid’s fundamental definitions, 
but very rarely replaced them by better or more reliable 
ones. They rightly excluded some axioms and included 
others; but they did not introduce anything at all substan- 
tial into Euclid’s system, Euclid’s commentators made it 
quite clear that his Elements were still very far from the 
perfect deduction which was attributed to them and which 
Plato demanded; that was the main service rendered by 
the commentators. The faith in the perfection of Elements 
was shaken, 
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‘“Euclid’s elements,” says Lobachevsky in his first 
memoir on geometry, ‘despite their antiquity, despite 
all our brilliant successes in mathematics © still 
preserve their primitive shortcomings. Indeed, who 
will not agree that no mathematical science should 
begin with such obscure concepts, with which, re- 
peating Euclid, we begin geometry.”’! 

And farther: 

“The first concepts with which any science begins 
should be clear and reduced to the smallest possible 
number. Only then can they act as a firm and ade- 
quate foundation for the science. Such concepts are 
acquired through sensations; innate sensations must 
not be trusted.”? 


However, Lobachevsky was led to this firm conviction 
not by the ordinary considerations of empiricists. He 
came to it by way of the profound ideas which consti- 
tuted the subject of his own genius. 


IT 


One of Euclid’s postulates, which takes the last (fifth) 
place in his enumeration, attracted exclusive comment— 
this was the so-called Parallel Postulate. \t is also 
well known to anyone who has studied even the elements 
of geometry. Guided by the proposition in which this pos- 
tulate is first applied Euclid gives it a somewhat cumber- 
some expression. In our text-books this postulate is usu- 
ally given in an equivalent but simpler form: only one 
parallel to straight line AB can be drawn through point 
C outside that line (i. e., straight lines in the same plane 


1 N. I. Lobachevsky, On the Principles of Geometry, Collected 
Works, Russ. ed., Vol. I, 1946, p. 185. 
2 Ibid., p. 186. 
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which do not intersect). The following considerations 
explain in what context this postulate appears. 

From point C (fig. 1) let perpendicular CD fall on the 
straight line AB and then in the plane containing the 
straight line AB and point C draw the perpendicular CE 
to the straight line CD; the latter does not meet the 
Straight line AB for from the point of their meeting, if 
such ia point were to exist, two perpendiculars would 

have issued to the one 
straight line CD; but 
C E that, as has been proved 


"7"... long before, is impossi- 
_--’ ble. Going by the usual 
a . ron definitions which came 


down to us from Euclid, 
Fig. J we can say that through 

point C passes the 
straight line CE, which is parallel to AB. The question 
arises, however, whether it would net be possible in this 
‘very same plane ABC to draw through point C, apart 
from CE, yet another straight line, which would neither 
meet the stratght line AB, and which would also be 
parallel to it. A contemplation—of the eye—gives to 
this an obviously negative answer. Following the indi- 
cation of the eye, this, originally, was apparently accept- 
ed unconditionally; but later when in the course of the 
development of geometry the tendency grew towards 
a logical substantiation of its propositions, towards 
reducing starting points to a possible minimum, there 
naturally arose a desire to prove this assertion, that is 
to draw this conclusion from previously established prop- 
ositions. This was all the more natural since the propo- 
sitions in question appear in Euclid at a rather late 
stage, at:an advanced stage of the elements of geometry. 
And yet, in content, it does not appear to belong to the ele- 
mentary facts which were so light-heartedly included in 
the first axioms and postulates. Attempts to prove this 
proposition were obviously made even before Euclid. But 
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is these attempts met with no success Euclid decided to 
nbandon them and included this proposition in the postu- 
lites, i.e., adopted it as an assumption without proof. 
| lowever, those who studied Elements, who published new 
vditions and commented Euclid, frequently did not agree 
with this; they refused to reconcile themselves, again to 
ise (he words or Lobachevsky, “with such an important 
uttission in the theory of parallel lines.” In view of this, 
very soon new attempts were made to prove the postulate 
ot parallel lines, i.e., logically to deduce it from the axioms 
sind postulates preceding it. This desire was stimulated 
hy the specific character of this postulate, Many found 
(hat the assertion it contained was far from being that 
elementary truth which we customarily referred to as 
ixioms. But it is far more important that the need of this 
postulate, as previously mentioned, appears rather late 
in /‘/ements—in the 29th proposition, whereas all the 
aller axioms and postulates found their application in the 
very first propositions. Furthermore, Elements, besides the 
lirst 28 theorems contains many other propositions which 
can be proved without the parallel postulate. Therefore, 
(lx: geometrical material is divided into two parts. A con- 
siderable part of this subject-matter is absolutely inde- 
jwirdent of the parallel postulate, i.e., it can be constructed 
without it; this is true of the teaching on angles (adjacent 
id vertical), congruence of triangles, theorem of the 
exterior angle of the triangle (in the part of its formu- 
lition that the exterior angle is langer than each of its 
inferior non-adjacent angles), the relations between the 
‘ies and angles of a triangle, the properties of perpendic- 
ilar and inclined lines in relation to the given straight 
line, issuing from a general point, the teaching on chords 
and tangents to a circle, on the intersection and tangency 
of circles; this is true also of:a number of assertions of 
“lid geometry. All this is now generally referred to, may 
lms nol very properly, as absolute geometry. The remain- 
lity part of geometry is proved by the Fifth Postulate and 
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is so closely connected with it that not one of the proposi- 
tions included in this part can be proved without it. Just 
as the Parallel Postulate is primarily called Euclid postu- 
late this second part of geometry is at present called proper 
Euclid geometry. It includes the theorem that the angle- 
sum of a triangle is equal to 2d, the teaching on propor- 
tional lines, on similar triangles and polygons, the theo- 
rem of Pythagoras and its consequence, the theory of areas 
and volumes. This peculiar role, which Euclid’s Fifth 
Postulate plays, was the reason why the wish to “‘prove 
the postulate’ had gripped many mathematicians. It is 
hard to imagine how much energy was spent on this. True, 
attempts to prove Euclid postulate were made and are 
still being made by many who not only had no trace of 
geometrical talent, but who lacked even serious knowledge. 
However, for two thousand years—from Ptolemy to Le- 
gendre—there was hardly a geometer of any standing who 
did not try his hand iat this thankless task, who did not 
make an attempt to conquer this formidable fortress. Fre- 
quently, this task took complete possession of the mathe- 
matician, distracted him from other mathematical prob- 
lems and sat times deprived him of his reason. Many had 
thought that they had already achieved their goal; some 
of the suggested proofs were really very clever. But a care- 
ful analysis invariably brought to light an error, some- 
times deeply concealed. Most often the fallacy lay in 
the fact that the author replaced the postulate by 
another assumption, that directly or indirectly he relied 
on a proposition, equivalent to the postulate that was 
being proved. Thus Proclus (fifth century A. D.), a com- 
mentator of Elements, assumed in proving the postulate, 
that the distance between two parallel lines is always re- 
stricted; but this assumption is the exact equivalent of the 
Parallel Postulate, Wallis, a famous mathematician of 
the seventeenth century, presumed that whatever the given 
triangle a similar one could be constructed on any scale; 
however, suffice it to assume the existence of any two 


20 


similar triangles to deduce from this a parallel postulate 
und with it also the whole of Euclidean geometry. In a 
paper published in Goettingen in 1763 Kitigel made an 
analysis of the most significant proofs of the postulate 
of those days and showed that all were beneath criti- 
cism. But this did not stop the flow ol proofs. ° 
Attempts to prove the postulate were made from va- 
riots angles and by various ways. One way was through 
(le connection between the Parallel Postulate and angle- 
sum of the triangle. The theorem that the sum of the inte- 
tior angles of a triangle is equal to 2d belongs, as men- 
lioned above, to proper Euclidean geometry, that is, it is 
always proved by means, which in one way or another are 
based on the Parallel Postulate. In the thirteenth century, 
Nassiraddin at-Tusi, an Arabian mathematician, proved 
that the Parallel Postulate could be vigorously proved if 
il were possible to conclude this inversely, namely, if by 
iwans of absolute geometry, ie., without resorting to the 
Parallel Postulate, it were possible to establish that the 
sum of the interior angles of 1a triangle is equal to 2d, 
(lun, proceeding from this proposition it would be possible 
vigorously to prove the postulate. This way, with slight 
variations and independently of one another, was followed 
by three geometers: early in the eighteenth century by 
Succheri, an Italian Jesuit priest, later in the same cen- 
(ury by Lambert of Germany, a philosopher and mathema: 
livian, and early in the nineteenth century by the fa-. 
nous French geometer Legendre. All three sought to prove, 
wilhout relying on the Parallel Postulate, the theory 
ou {he sum of the angles of a triangle. But a priori, here, 
only three assumptions—three hypotheses—are possible: 
cilher the angle-sum of a triangle is equal to 2d, either it 
is more than 2d or less than 2d. These three assumptions 
exclude one another completely, for it appears that each, 
coustructed for any given triangle, invariably spreads 
over all other triangles. This means, that if we were to 
ussume that the angle-sum of a triangle was less than 2d, 
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it would be possible vigorously to prove that it was less 
than 2d also in any other triangle. Therefore, to find that 
the angle-sum of a triangle is equal to 2d it is necessary 
to dispose of the other two hypotheses. All three geometers 
were able without any difficulty to rule out the second of 
them, i.e., to prove that the sum of the angles of a triangle 
cannot exceed 2d. But none of them was able to prove, 
without resorting to the Parallel Postulate, that the angle- 
sum of a triangle cannot be less than 2d. Here koth 
Saccheri and Legendre erred; Lambert alone was not de- 
luded: pointing out the difficulties connected with the 
third hypothesis he admitted that he found them insur- 
mountable. 


“The proofs of the Euclidean postulate,” he said, 
“can be developed to such an extent that apparently 
a mere trifle remains. But a careful analysis shows 
that in this seeming trifle lies the crux of the matter; 
usually it contains either the proposition that is 
being proved or a postulate equivalent to it.” 


IV 


The method used by nearly all authors who tried to free 
geometry from the Parallel Postulate was to deny it. They 
proceeded from assumptions contrary to the postulate in 
order to warrive at a contradiction with the already 
established propositions and thereby prove the postulate. 
In this way the three aforementioned authors who tried 
to prove by means of absolute geometry that the sum of 
the angles in a triangle was equal to 2d proceeded from 
the assumption that it was less than 2d. From this 
assumption, as is usual with the rules of contraries, con: 
clusions were drawn which had to lead to contradiction 
with absolute geometry. But whereas such proofs gene- 
rally quickly led to contradiction, the assumptions from 
which Saccheri and Lambert proceeded—that the sum of 
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(le angles of a triangle is less than 2d—did not lead to 
such a contradiction. Saccheri drew from the assumption 
sate forty theorems, of which two led to seeming contra- 
MHetion with the previous propositions; but a careful anal- 
vsis showed that here too no contradiction existed. Lam- 
bert also brought these conclusions a fairly long way, but, 
is mentioned above, did not arrive at a logical contra- 
diclion, On the contnary he was astonished by the har- 
inony of the conclusions he deduced. 


“There is something delightful in this,’ he re- 
marked, “something that makes one wish that the 
third hypothesis (i.e., the assumption that the sum 
of the angles of a rectilineal triangle is less than 
2d) is just.” 


These conclusions were actually the first unconscious 
stops in the realm of non-Euclidean geometry, steps that 
were still uncertain and not far-reaching and the main 
lhing was that all these geometers were quite uncon- 
scious of the fact that the third hypothesis was really 
iwceptable, The authors were helpless in face of the re- 
sults attained. 

These results did not lead to any logical contradiction 
lo the previously established ‘propositions, but they did 
lead to a striking contradiction to our conceptions of 
wliat is apparent to the eye. Thus both Saccheri and Lam- 
bert were already well aware that in the case of the 
(hird hypothesis the distance between two perpendiculars, 
drawn in a plane to one and the same straight line, 
cannot remain constant throughout their whole length, 
hut on the contrary must endlessly grow the more distant 
{hey are from the common perpendicular. They disposed 
of many such examples. 

Wherein lay the source of this difference, the reason 
why all efforts to prove Euclid’s Fifth Postulate proved 
futile? In the early nineteenth century, mainly after the 
failure of Legendre’s researches, one of the most outstand- 
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ing geometers of that time, the question became very 
acute. People who had spent so much time and effort on 
fruitless attempts to prove the postulate were falling into 
despair and superstitious agnosticism. This was elo- 
quently expressed in the letter of the Hungarian profes- 
sor Wolfgang Bolyai to his son Johann Bolyai when he 
learnt that the latter was absorbed in the problem of 
parallel lines. 


J “T implore you to make no attempt to master the 
parallel theory: you will spend all your time on it, 
but its propositions the whole lot of you will not 
prove. Do not try to master the theory of parallel lines 
either by the means you mentioned or by any other 
means. I examined all the ways till the last; I did 
not come across a single idea I did not elaborate on. 
I passed through all the cheerless blackness of this 
night and buried in it every ray of light, every joy 
in life. For God’s sake, I beseech you, give it up. 
Fear it no less than sensual passions because it, too, 
may take all your time, deprive you of your health, 
peace of mind and all happiness in life.” 


Such was the desperate mood of the man who had 
worked all his life on the problem. However, he did not 
succeed in convincing his son to abandon attempts to 
prove the Parallel Postulate. And that was because 
Johann belonged to the few brilliant mathematicians 
who had decided that the Parallel Postulate could not 
be proved iat all, that its denial did not lead to contra- 
diction, that, on the contrary, its development led to a 
peculiar geometrical system which was different from 
Euclid’s geometry. 

The new teaching, known by the name of non-Euclid- 
ean geometry was first published by N. I. Lobachevsky 
in 1829. But three years earlier, on February 23, 1826 it 
was outlined in a paper which he read before the physics 
and mathematics section of Kazan University. Later, the 
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correspondence that was published between Gauss and 
lils friends showed that Gauss had already possessed the 
litiddamentals of non-Euclidean geometry, and to use his 
own words elaborated it “for himself.” But the notes he 
lll revealed that these were only the first elementary steps 
which stand no comparison with the works of Lobachev- 
shy. This Gauss realized himself. He learnt of Lobachev- 
»kv'’s work from a small paper published in German and 
Incame so interested in it that he learnt the Russian 
language in order that he might familiarize himself 
with all of Lobachevsky’s works. He spoke very eloquent- 
ly of them in letters to his friends. But the sagacity of 
nu scientist Gauss combined with the extreme caution of 
uw practical man. He well knew that these ideas, while 
lwralding ia revolution in the firmly established concep- 
lis, would cause a storm of indignation that would fall 
on their propounders. Therefore, Gauss decided not to 
publish his views on the foundations of geometry and 
pledged the few people he shared them with to keep them 
scoret. He remained firm in this decision until the last, 
driving to despair all who in these questions needed his 
support. Thus, Taurinus, a young mathematician, pub- 
lished two works on parallel lines, suggesting the same 
ideas. In.an introduction to his last tract Taurinus urged 
inathematicians to ask Gauss to publish his views on the 
foundations of geometry. Gauss cut all his relations 
with him and Taurinus, in despair, destroyed his man- 
tiscript. 

Three years after Lobachevsky, Johann Bolyai pub- 
lished a small but brilliant paper which also contained 
carefully elaborated elements of non-Euclidean geome- 
(ry. He sent the paper to Gauss who in letters to his 
friends also spoke favourably of it. But, in this case, too, 
(iauss did not support the author and the talented scien- 
list ended his life in a state verging on insanity. Johann 
thought that Gauss wanted to steal priority from him. 
Ifowever, priority did not belong to Johann, for three 
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years before him the new teaching was published by 
N. I. Lobachevsky on ia far more extensive and deeper 
scale. 

N. I. Lobachevsky was not afraid of the displeasure 
his ideas would evoke, and fearlessly published them. 
Instead of the acknowledgement he had a right to ex- 
peet the work was fiercely ridiculed. But Lobachevsky 
did not burn his work or give way to despair. Continuing 
his investigations he developed previously obtained ‘data 
in a number of papers, leaving little that could be add- 
ed to his geometry. 


V | 


Nikolai Ivanovich Lobachevsky was born in Nizhni- 
Novgorod on December 1, 1792. Little is known of his 
father who was a petty official, apparently a provincial 
land surveyor; the family lived from hand to mouth. 
“Poverty and privations surrounded the cradle of Niko- 
lai Ivanovich,’ wrote Lobachevsky’s first biographer, 
E. P. Yanishevsky.! On the mother’s side the family was 
related to a certain Captain S. S. Shebarshin, who sup- 
ported it; he even called the children his own. But in 
1797 the captain died and life for the family became 
still harder. Soon afterwards Lobachevsky’s mother, 
Praskovia Ivanovna Lobachevskaya, moved to Kazan, 
probably for reasons of the education of her three sons 
Alexander, Nikolai and Alexei. This is all the more 
probable since the Kazan Gymnasium, which opened in 
1759 and closed in 1788, reopened in 1798. Praskovia 
Ivanovna managed to obtain admission for all three of 
them; Nikolai was admitted in 1802. In 1805, Kazan 
University actually opened at the gymnasium. Its di- 
rector, I. F. Yakovkin, was appointed professor and 


1 E. P. Yanishevsky, Historical Notes on the Life and Work of 
N. I, Lobachevsky, Russ. ed., Kazan. 1868. 
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iispector of the University; one of the gymmnasium’s 
leachers, P. F. Tseplin, was also made professor and four 
others assistant professors of the University. The latter 
included G. I. Kartashevsky, a fine mathematician and 
{cacher and a good-natured man. Kartashevsky had 
\iindoubtedly seriously influenced Lobachevsky already in 
the gymnasium. Lobachevsky entered the University 
with a sound knowledge of mathematics even by present 
standards and that enabled ‘him very soon to make good 
lwadway in the exact sciences. 

The first act of the University board was to ask par- 
ents to send the older boys to the University after finish- 
ing school at public expense, which obliged them after 
vraduation to devote six years to educational service. 
I), I. Lobachevskaya gladly accepted the proposal on be- 
lalf of her sons and in February 1807 Nikolai became a 
sltident of the University. 

The guardian of the Kazan educational district and 
actual head of the University was S. Y. Rumovsky, a 
well-known astronomer. Rumovsky was appointed to this 
responsible post when in his eighties. He took little in- 
lerest in administrative affairs; residing in Petersburg 
le relied entirely on Yakovkin, a time-server and tyrant 
who slighted the teachers, particularly those of them who 
disagreed with him, With the available istaff it was, of 
course, impossible to organize the faculties or the course 
of study in accordance with regulations. This was also . 
impossible the year following when the teaching staff 
had increased to fourteen. Short of scientific personnel 
and ruthlessly run by Yakovkin, the University dragged 
out a miserable existence. To make it efficient, it was 
first of all necessary to have a competent staff of teach- 
crs; this was well understood by the district authori- 
tics and the Ministry. In the given circumstances the 
only way out was to invite professors from abroad. This 
was done in the next few years. But a good many of the 
invited personnel did not meet with requirements, did 
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not, in the difficult conditions, give the attention and 
time the young University fully deserved. But there can 
be no doubt that men invited on the staff of the physics 
and mathematics faculty were quite good. This was prob- 
ably due to the fact that, being an astronomer, Ru- 
movsky knew these scientists best of all. They were: 
M. F. Bartels (pure mathematics), F. K. Bronner (phys- 
ics), I. A. Littrov (astronomy) and K. F. Renner (ap- 
plied mathematics). “The teaching of physics and mathe- 
matics in Kazan,” wrote the famed professor Engel from 
Leipzig, “was as good as at any German university.” 

We know that Lobachevsky became seriously intcrest- 
ed in mathematics at the gymnasium, when he was a pu- 
pl of Kartashevsky. But when he entered the University 
Kartashevsky was no longer there; due to Yakovkin’s in- 
{rigues he was dismissed and had even to leave Kazan. 
There were no foreign mathematicians at the University 
at the time and, yielding evidently to the wishes of his 
mother, Lobachevsky began to study medicine. But in 
January 1808 Bartels came and in September Renner ar- 
rived. Bartels was a highly educated mathematician and 
an outstanding teacher, known and esteemed in Kazan 
long before his arrival; in 1806 he was elected honorary 
member of the University. He was given a cordial and 
respectful welcome, and students interested in mathe- 
matics began to study under his guidance, among whom 
was N. I. Lobachevsky, who had abandoned medicine 
and devoted himself entirely to mathematics. Both teach- 
er and student suited one another. Bartels taught Lo- 
bachevsky at home covering with him a long list of clas- 
sical literature. Lobachevsky worked hard, absorbing an 
astonishing amount of material in the first two or three 
years. There can be no doubt that Lobachevsky was large- 
ly indebted to Bartels for his very profound mathemat- 
ical knowledge and the exactness of his ideas. 

Littrov and Bronner also greatly influenced the edu- 
cation of Lobachevsky who, apart from mathematics, had 
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become iso highly versed in physics and astronomy that 
he could teach these subjects after graduation; later he 
was head of the chairs of physics and astronomy. 


“If, however, Lobachevsky’s mathematical achieve- 
ments met with complete approval,’ writes N. P. 
Zagoskin in his extensive History of Kazan Univer- 
sity, “his behaviour, which was a source of great 
trouble to the inspectors, appeared in quite a differ- 
ent light to the University administration; the in- 
spectors’ reports and the entries in their registers 
characterize Lobachevsky as a ‘stubborn,’ ‘repent- 
less’ young man, ‘very ambitious,’ ‘manifesting even 
signs of atheism.’ ”! 


For these offences Lobachevsky was frequently penal- 
ized, locked up, black-listed, publicly reprimanded, de- 
prived of holidays. This was a time when repercussions 
of the French revolution and the resulting progressive 
trends in Europe had taken a strong hold of progres- 
sive Russian youth. At the same time a storm of reaction 
held sway, characteristic of the late period of the reign 
of Emperor Alexander I. The universities were considered 
centres of anti-government sentiments; students were 
placed under strict surveillance and “by order of his 
Royal Highness” dated May 8, 1811 (old style) the Uni- 
versity administration was instructed to expel students 
found guilty of major offences and to draft them into 
the army. Assistant inspector P. S. Kondyrev, an offi- 
cious time-server, wrote in one of his teports that Niko- 
lai Lobachevsky was showing obvious signs of atheism. 
In those days that was a very serious charge. Action 
was taken against Lobachevsky, the case was submitted 
to the guardian with the threat of applying against him 
the Emperor’s order. Some members of the board sup- 


''N. P. Zagoskin, History of Kazan University, Russ. ed., 
Vol. I, p. 303. 
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ported this persecution of Lobachevsky and it was only 
the vigorous protests of Bartels, Bronner and others that 
saved him from the menace. 

When things quieted down Lobachevsky and another 
student, Simonov by name, were made masters of science. 
The latter did not, of course, achieve such fame as Lo- 
bachevsky, but he held a big place in the history of Rus- 
sian astronomy. Both young men were charged to the 
care of Professor Bartels, who wrote to the University 
board in the middle of 1812: 


“The Right Honoured Gentlemen know that at the 
beginning of the current academic year I took upon 
myself the duty of supervising the advanced 
training of Masters of Science Lobachevsky and 
Simonov and to duly inform you of their studies. 
I am all the more eager to present the report since 
I am delighted with the success of my work. In my 
private studies with them I explained the major 
part of the first and a substantial section of the sec- 
ond volume of the outstanding composition, under 
the pen of the eminent Laplace; our Masters did 
not only devote themselves to this study with remark- 
able diligence, but, whenever possible, tried inde- 
pendently to develop the question. I affix herewith 
their elaboration of questions pertaining to celestial 
mechanics and presume that they will confirm the 
aforesaid.” 


Unfortunately the appendix has not been preserved. 

In 1814 Lobachevsky was made an assistant profes- 
sor of the University. 

Although the teaching staff had increased consid- 
erably, the University, strictly speaking, was not yet a 
higher school and its activities did not correspond to 
the regulations, In 1814 the University “fully opened,” 
adopting the rules laid down by the 1804 “institution- 
al charter.” The Council elected a rector and the chief 
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administration, which was followed by a broader and rel- 
alively free development, and for a short time the Uni- 
versity functioned as a normal higher school. Teaching 
had increased and Lobachevsky took part. He was then 
only twenty-two years of age and lecturing absorbed all 
his attention. Two years‘ later he was promoted to a 
professorship, However, the comparatively quiet life in 
Kazan University did not last long. The general reac- 
lion in the country which had grown stronger after the 
conclusion of the so-called “Sacred Alliance’! had be- 
come more and more intense and, as is always the case, 
was particularly ferocious in the matter of education. At 
(he head of the Ministry of Spiritual Affairs and Edu- 
cation now stood the extreme reactionary Prince A. N. 
Golitsin. 

Golitsin’s right-hand man was M. L. Magnitsky, a 
renegade and traitor and a ruthless reactionary, and 
le was appointed to review the work of the University. 
The report he submitted was a disgusting mess of distor- 
lion, insinuations and slander and ended with the pro- 
posal that the Kazan University be “publicly destroyed.” 
The suggestion was not adopted, but Magnitsky was ap- 
pointed guardian of the Kazan educational district, and 
he was instructed to establish strict order in the Uni- 
versity. Magnitsky carried this out with zeal for which 
lie paid dearly afterwards. Nine professors were dis- 
missed, while the foreigners returned home. An atmos-_ 
phere of hypocrisy and mysticism reigned in Kazan Uni- 
versity. 

Conditions at the physics and mathematics faculty were 
especially aggravating. Bartels and Bronner left. in 
1820, Littrov still earlier, and Renner haid died in 1816. 


1 The “Sacred Alliance” was concluded between the Emperors of 
Russia and Austria and the King of Prussia in 1815. Under the 
guise of “sacred religion, justice and peace,” the alliance was in fact 
an organization of international reaction, set up for the suppression 
of the revolutionary movement. 
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The entire responsibility of teaching mathematics lay 
practically on the shoulders of Lobachevsky. This, natu- 
rally, took all his time, but it had also a favourable effect, 
for engrossed in his teaching, he was able to hold him- 
self aloof of University life, which required hypocrisy 
and servility. Even Magnitsky spoke highly of Loba- 
chevsky’s teaching in his official reports, but their rela- 
tions were nonetheless strained. 


VI 


Bartels, under whose guidance Lobachevsky studied, 
was a highly educated mathematician who gave him a 
good all-round education, but he showed no disposition 
for research work and did not acquaint Lobachevsky with 
the scientific trends of those days. Lobachevsky had to 
find a topic for himself, and far from any European math- 
ematical research centre. 

One course of lectures, which Lobachevsky read to 
first-year students, would today be called “Elementary 
Geometry from the Higher Viewpoint.” The course was 
designed to furnish, on a wider scale than was done at 
school, the fundamental, guiding principles of elemen- 
tary geometry, Basically Lobachevsky followed the line 
laid down in d’Alembert’s article “Elements of Mathe- 
matics” published in the famous French Encyclopedia. 
In 1823 Lobachevsky submitted a brief outline of the 
course for publication under the title of Geometry but 
Miagnitsky rejected it because it did not meet with the 
approvial of Academician Fuss who reviewed the man- 
uscript. In forwarding it to Fuss, Magnitsky did not 
name the author, but presented it as a kind of text-book 
for school use, which purpose it did not suit. But Fuss 
also attacked the author for introducing ideas generat- 
ed by the French revolution, such as metric measures, 
centesimal measure of an angle and ‘so on, for ideas that 
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came into being at a time “when the fury of the nation 
lo destroy everything previously existing spread even to 
lhe calendar and division of a circle.” 

Lobachevsky was refused permission to publish his 
manuscript. For a long time it was considered lost, but 
in 1898 N. P. Zagoskin happened to find it in the -office 
archives of the guardian of the Kazan educational 
district.1 

In his outline of the guiding principles of elementary 
yveometry Lobachevsky could not, of course, help refer- 
ring to the Parallel Postulate. Chapter VI of Geometry 
begins with the postulate and this addition: 


“No vigorous proof of this truth had ever been 
discovered. Those proofs which had been suggested 
were merely explanations and were not mathemat- 
ical proofs in the true sense.’’ 


Lobachevsky’s reflections connected with the course 
must have attracted his attention to the theory of paral- 
lel lines. The aforementioned quotation shows that in 
1823 Lobachevsky already realized that none of the sug- 
gested proofs of the Parallel Postulate was satisfactory, 
but he did not then exclude the possibility of discovering 
stich a proof. The years that followed were years of in- 
(ense meditation on the question which ultimately led him 
lo the solution of the problem that puzzled humanity for 
lwo thousand Years. 

On February 23, 1826 Lobachevsky read a paper be- 
lore the physics and mathematics section of the Univer- 
sity and presented a paper in French under the title of 
i'xposition succincte des principes de geométrie avec 
tine démonstration rigoureuse du théoréme des parallelles 
(Brief Exposition of the Principles of Geometry with 


1 N. I. Lobachevsky, Geometry, Collected Works, Russ. ed., Vol 
Il, 1948. 
2 [bid., p. 70. 
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Vigorous Proofs of the Theorem of Parallels). It was, as 
lrof. Kotelnikov eloquently put it, the birthday of non- 
uclidean geometry. In an accompanying note Loba- 
vlevsky asked his work to be reviewed and if approved 
(o be published in the University’s Scientific Papers 
which were then being prepared for publication. But this 
thost outstanding mathematical work did not receive the 
wpproval of the reviewers and not until eight years later 
wis a decision taken to deposit the paper in the ar- 
chives. All attempts to find it have so far been fruitless. 
Three years later, in 1829, Lobachevsky published in 
(le Kazan Messenger—a journal issued by the Univer- 
ily staff—an article “On the Principles of Geometry,” 
containing excerpts from Exposition succincte, with far- 
icaching additions to this research work.! This was fol- 
lowed by a number of other papers, developing various 
uspects of these ideas, which we shall not enumerate.? 
lobachevsky, like many before him, followed a line 
ol argument, which he would have taken, if wanting to 
prove the postulate by denying it. This means that he 
uceepted all Euclid’s other postulates and, consequently, 
ulso the whole of absolute geometry and added to them 
iit assumption contrary to the postulate; he «accepted 
(hat more than one straight line, neither of which meets 
AB, can be drawn in a plane through point C, lying out- 
side AB, From this seemingly most absurd assumption 
lw drew conclusions, and the reader natunally expects’ 
(wm to lead to an absurdity, to a contradiction with 
absolute geometry. But the subtle conclusions, brilliant- 
ly drawn, which quickly follow do not lead to a logical 
contradiction, but gradually form a complete harmonic 
Whole, which Lobachevsky called “imaginary” and 


' N. I. Lebachevsky, On the Principles of Geomeiry, Collected 
Works, Russ. ed., Vol. I, 1945. 
* See list of works by Lobachevsky at the end of the book. 
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Gauss “non-Euclidean” geometry and which we now call 
Lobachevsky’s geonrietry. 

The assertion that the conclusions which follow from 
Lobachevsky’s peculiar assumption lead to a harmonic 
whole is vague and cannot, of course, satisfy the reader. 
But anyone who takes the trouble to study the fundamen- 
tals of Lobachevskv’s geometry, particularly in its pres- 
ent, more comprehensive exposition, will soon begin to 
feel that the vigour of the conclusions and the coherency of 
the peculiar results grip his mind, that little by little 
they paralyze his distrust and amaze him by the force 
of their logical conception. It would, of course, be im- 
possible to review this geometry in a brief essay. How- 
ever, we Shall try, if only in general outline, to throw 
some light on this assertion. 


VII 


Let us return to fig. 1 which we had already used (on 
p. 18) and supplement it (fig. 2). From point C let fall 
upon the line AB the per- 
pendicular CD, to which 
draw in the same plane 
another perpendicular E'CE 
(the straight line’ will 
sometimes be indicated by 
three letters) through point 
C. The assumption (hy- 

Fig. 2 pothesis, postulate) which 
Lobachevsky introduces as 

a supplement to absolute geometry consists in the fact 
that in the same plane (ABC) through point C, apart 
from E'CE (Euclid’s parallels), there passes at least one 
other straight line G’CG which does not meet the straight 
line AB either. From this it clearly follows that al! 
straight lines such as’ F’CF, which pass between the two 
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straight lines E’CE, and G'CG, do not meet the straight 
linc AB either, since each in relation to AB lies, on one 
side (right of point C), over the straight line CG and on 
(he other (left of point C), over CE’. The assumption, 
(herefore, leads to the fact that through point C numerous 
straight lines pass in the same plane without meeting 
(le straight line AB. If we turn our attention to the 
straight lines, passing inside the right angle DCE (and 
vertical with it), 
we shall find that 
lhey are of two 
kinds—A’CH which 
ieet the straight 
line AB and F'CF 
which do not meet 
it; the first lie 
closer to the per- 
pendicular CD iand 
(he second closer to 
Cr. In view of the 
coutinuity of the bundle it follows that there must exist a 
straight line K'CK, dividing the straight lines of one 
calegory from the straight lines of the other category. 
This straight line must be either the last to meet AB 
or the first not to meet it. But there can be no last to 
meet the straight line. Indeed, whatever be the meeting 
straight line H'CH we, taking on the straight line AB 
point H,, right of H, shall have a straight line H’,CH,, 
lying beyond H'CH and still meeting AB. Hence the 
“(raight boundary line K’'CK will be straight without 
inecling AB. Since in the angles DCE’ and in the one 
vertical with it the same will naturally take place as 
in the angles under consideration (DCE and the one 
vertical with it) the picture will be presented in the 
form of fig. 3: here the ‘“‘old” straight lines which meet 
straight line AB are given as unbroken lines and the 
“new” straight lines which do not meet AB as broken 
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Jines, the two straight lines dividing the straight lines 
meeting AB from those which do not meet AB are 
given. as broken lines with dots. Lobachevsky calls 
these two straight lines parallels to AB. Hence, the 
term straight line CK is parallel to the straight line AB 
is more explicit in Lobachevsky’s geometry than in 
Euclid’s geometry: it means that the straight line CK does 
not only not meet the straight line AB, but that in point 
C on either side of the perpendicular CD it divides the 
straight lines which meet the stnaight line AB from those 
that do not meet it; these are 

only the broken lines with 

C dots; the broken lines are not 

referred to as parallels of AB. 

H Imagining a plane in which 

Lobachevsky’s assumption 
A D G takes place we shall call it 
Lobachevsky’s plane. We can 
say that in Lobachevsky’s 
plane, through point C, lying 
outside the straight line AB, there pass two straight 
lines parallel to it (in our figure K’CK and L'CL); they 
form two pairs of vertical angles. The straight lines 
passing inside the vertical angles KCL and K'CL' meet 
AB; according to Lobachevsky they converge with AB 
whereas the straight lines passing in the angles K'CL 
and KCL’, according to Lobachevsky, diverge from AB. 
Given two straight lines AB and CH (fig. 4), the second 
in each of its points C either converges with AB, is either 
paralled to it, or diverges from it. 

However, if the straight line in any one point C con- 
verges with AB, is parallel to it or diverges from it, it ful- 
fils these same functions, if one may say so, also in any 
other point C’. This means that if at point C it diverges 
from AB, then it diverges from it also at its other point 
C’; if at point C it is parallel to it, then it is parallel to 
it also at point C’. The latter signifies that the straight 


Fig. 4 
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line CH, which at point C divides the straight lines, meet- 
ing AB, from the straight lines that do not meet it, pos- 
sesses the same properties also in any other point. (This 
ussertion requires proof which we do not here quote but 
which is perfectly accomplished.) Hence, we can say 
simply that the straight line CH converges with AB, is 
parallel to it or diverges from it, without indicating at 
which point it belongs to one, to another or toa third cat- 
egory. And it can also be proved that the properties of 
uny one of two straight lines in relation to the other is 
ilways the same: if CH is parallel to AB, then AB is also 
parallel to CH. 

There is one other point that should be mentioned. It 
Is said in reference to the parallel CK (fig. 3), which with 
perpendicular CD forms the acute angle DCK on the side 
of DB, that it is parallel to AB on the side of AB where- 
us the second parallel CL is parallel to it on the side of 
BA. If thus interpreted parallelism retains the funda- 
inental property of Euclidean parallels: two straight lines 
parallel to the same straight line (on one and the same 
side) are also parallel to one another (on the same side). 
ln Euclid’s geometry the two parallels to the straight 
line join into one; the vertical angles KCL and K’CL’ 
unfold each into a straightened angle (2d), while the 
angles K'CL and L'CK adjacent to it roll up, come to 
imught, are reduced to nil. 

The equal acute angles DCK and DCL, formed on both 
sides by the parallels with perpendicular CD, Loba- 
chevsky calls angles of parallelism at point C in relation 
to the straight line AB. Euclid’s geometry is distin- 
wuished by the fact that in it the angle of paral- 
lclism is always a right angle. If, consequently, we 
ussume the existence of Lobachevsky’s geometry, i.e., of 
i geometry which contains his fundamental postulates, 
lviclid’s geometry would then constitute one limiting 
instance when the angle of parallelism has a constant 
value: is always equal to a right angle. 
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Taking the view of 


“imaginary,” 


non-Euclidean 


geometry, Lobachevsky proves with perfect vigour that 
the two parallel straight lines here infinitely (asymptot- 
ically) approach one another towards parallelism, as if 


(—_____________f 


Fig. 5 


they converge somewhere 
in an infinitely remote point 
while on the opposite side 
they infinitely move away 
from one another (fig. 5). 
However, the two diverg- 
ing straight lines (fig. 6) 
always have the common 
perpendicular EF which 
forms the shortest distance 
between them—from which 


they diverge, infinitely moving away from one another in 
beth directions. This result which grew out of the first 
study of non-Euclidean geometry, was to many, for a 
long time, an insurmountable barrier to the appre- 
hension and recognition of non-Euclidean geometry. But 
Gauss was right in saying: “We cannot confuse what 
to us appears unnatural with the absolutely impossible.” 


Two perpendiculars to 


one and the same 
straight line always c 
diverge; hence, it fol- 


lows that all straight 
lines AB and CD, which 
with the secant AC form 
the equal corresponding 
angles BAE and DCE, g 
also diverge (fig. 7). In- 
deed, if from the middle 
of H of the segment AC 


QD 
£ 
F 
8 
Fig. 6 


we drop upon these straight lines perpendiculars HF and 
HG, then from the equality of the right-angled triangles 
AHF and CHG it follows that the angles at the vertex 


of H are also equal, the straight lines HF and HG merge 
into one while the straight lines AB and CD perpendic- 
ttlar to it diverge. 

Let us now return to the angle of parallelism. In non- 
uclidean geometry this is always an acute angle, 
always a variable angle. Indeed, let, as before (fig. 8) 
CD | AB, CK\|AB (we shall, as is the practice, use the 
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symbol || to indicate the word “parallel,” attaching to it 
now the aforementioned sense). KCD is the angle of par- 
allelism at point C in relation to the straight line AB. 
Let us take point C’ on the same perpendicular CD over 
point C. If we draw to the perpendicular a straight line 
C'L at the same angle as CK (/DC'L=/DCK), the 
straight lines CK and C’L will diverge, as stated above. 
Assume that C'K’ is a straight line, parallel to AB (in the 
same direction of AB). Since the straight lines CK and 
C'K' are parallel to one and the same straight line AB 
(and in the same direction), they are parallel in the same 
direction. The straight line C'K’ which is parallel to CK in 
the same direction must be closer to the perpendicular than 
C'L, i.e., the angle of parallelism at point C’ is sfnaller 
than at point C (/K'C'D< /KCD). Hence, it follows 
that the angle of parallelism at point C in relation to the 
straight line AB depends on the distance of point C from 
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AB and is a function of that distance. If this distance CD 
is denoted by x, then the angle of parallelism at point C 
is a function of x. Lobachevsky designated it by IJ (x) 
(see fig. 3, p. 37). The preceding considerations reveal 
that this function decreases with the increase of x and 
increases with the decrease of x. Since JT (x) is an acute 
angie, it follows that with the decreasing of x the angle 
DCK approaches the right angle. Lobachevsky shows 
that it approaches the right 
angle infinitely; this means: 
no matter how small be angle 
a, IT (x) varies less from 
“A’the right angle than by «a, 
# when x becomes sufficiently 


A 7 B small. 
Let us now compare two 
Fig. 8 circumstances; firstly the fact 


that in Euclidean geometry 
the angle of parallelism is always a straight angle; sec- 
ondly that there is a limit to the sensitiveness of every 
instrument, including, of course, the protractor. In 
Lobachevsky’s times the accuracy of protractors hardly 
approximated 1" which means that angles varying less 
than by 1" could not be distinguished from one another. 
Let us now denote by z a distance with the angle of 
parallelism varying from d by less than 1". If we were 
tO carry out measurements of angles of parallelism at 
distances less than z, we would not have distinguished 
them from a right angle; we would get the impression 
that we were operating in a space dominated by Eu- 
clid’s geometry. This would have been unavoidable if 
we had confined our observations to a sufficiently small 
sphere. But what sphere should we regard as small? 
What is the distance at which the angle of parallelism 
varies from the right angle by less than 1"? Theory does 
not give, nor can it give any indication on this score. It 
is quite probable that considering the vastness of the Uni- 
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verse the distances which we consider as being great, 
even the distance’from the Earth to the stars, are still less 
than this z. 


“The view expressed by Laplace,’ wrote Loba- 
chevsky, “that the stars and the Galaxy we see be- 
long solely to acluster of heavenly bodies, like those 
we behold as faint twinkling spots in the Orion, 
Andromeda, Capricorn and other constellations, is 
very alluring. Hence to say nothing of the fact that 
space in imagination can be produced indefinitely, 
nature itself points out to us distances, compared 
with which even the distance from the Earth to the 
fixed stars disappears to an insignificance.’’! 


However, the hundred odd years that have since 
passed show that the cosmic distance is immeasurably 
vreater than Laplace imagined it to be; the distance 
between the stars is sometimes expressed in hundreds of 
millions of light years. And it tis perfectly natural to think 
that our faith in the solid accuracy of Euclidean geometry 
comes from the fact that all our measurements and obser- 
vations are made in a most insignificant, disappearing, 
as Lobachevsky put it, corner of the Universe. 

The attempt experimentally to verify, ias Lobachevsky 
said, whether it was ‘‘ordinary or imaginary geometry” 
he made on the basis of another principle. We already 
know that the dilemma between Euclidean geometry and 
Lobachevsky’s non-Euclidean geometry is equivalent to 
that of whether the sum of the interior angles of a right- 
angled triangle is equal to 2d or is less than 2d. This 
was what Lobachevsky wanted experimentally to verify. 
With this end in view, relying on the parallax of fixed stars, 
he calculated the angle-sum of a triangle, the summits 
of which lie in the Sun, the Earth and a fixed star. He 


''N. I. Lobachevsky, On the Principles of Geometry, Collected 
Works, Russ ed., Vol. I, 1946, p. 209. 
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arrived at the following conclusion: if Sirius is taken as 
the fixed star, then this sum will vary from 2d by less 
than 0.000372". Lobachevsky erred in his calculations: 
this difference is even a hundred times less. It goes 
without saying that this result cannot be used as a basis 
for the solution of the problem in calculating the size of 
the Universe. But in principle the faith in the infallibil- 
ity of Euclid’s geometry was shaken, although in those 
days very few mathematicians, capable of apprehending 
Lobachevsky’s ideas, could overcome their conservatism 
which had always stood in the way of new ideas. 

To understand the way of development of Lobachev- 
sky’s geometry two other factors have to be considered. 

Imagine a circle and the sum total or pencil of lines 
passing through its centre. All the straight lines intersect 
the circumference orthogonally, i.e., at right angles. This 
can be represented in the form of an observer moving 
along the circumference and all the time moving perpen- 
dicularly towards the radius; his path is intersected 
orthogonally by all the radii, A geometer expresses this 
thus: the circumference is the orthogonal trajectory of a 
pencil of lines passing through one point—through the 
centre of this circumference, through the centre of the 
pencil. This is true of both the Euclidean plane and Loba- 
chevsky’s plane. Suppose now that the centre of the pencil 
moves away along one of its constituent straight lines; 
then the constituent straight lines would seemingly sap- 
proach a parallelism. If the pencil of lines, intersecting at 
a common point, is replaced by a bundle of parallels, then 
in a Euclidean plane the straight lines will serve as their 
orthogonal trajectories (fig. 9); the distance between two 
parallels, calculated along the trajectory, is the same 
throughout its whole length. In Lobachevsky’s plane 
things are different: since the parallels converge, what 
serves as orthogonal trajectories is the curves (fig. 10) 
which Lobachevsky calls limiting circles or simply limit- 
ing lines; parallel lines, the limiting line of which is the 


44 


orthogonal trajectory, are called the axes of the limiting 
line. Assuming that the parallels of the pencil meet at an 
infinitely remote point, then the limiting line is a circle 
with the centre lying at infinity. Let us measure the dis- 
lance between the two axes 
(i.c., parallels) at different 
points by means of the arcs 
of the limiting lines pass- 
ine between them—by 
means of the respective 
limiting arcs (for example, 
AB, A'B', A"B",...). The 
difference between Euclid’s 
veometry and Lobachev- 
sky’s geometry is that in 
lhe former this distance 
between the same parallels is everywhere the same 
(fig. 9) while in Lobachevsky’s geometry it diminishes 
in the direction of parallelism (fig. 10). It is easy to 
prove—we cannot here dwell on the question—that 
lhe relation of the lengths of these limiting arcs AB 
and A’B’ here depends on how far these arcs are fre- 
moved from one another, i.e., on the length of the seg- 
ments AA'=—BB’'. Mindful of this, take between the 
parallels the two limiting arcs AB, A'B’, divided from one 
another by a distance of AA'=BB', equivalent to a unit 
of length (let us say of 1 cm.); the relation AB:A'B’ will 
be a certain definite number expressed by an impropef 
fraction which we shall denote by a. If we move away in 
the direction of parallelism at a distance of AA'= 
= A'A"=A"A"=...( = 1), then 

AB:A'B' =a: 

A'B':A"B" =a, AB:A"B" = a2; 

A"B':A''B' =a, AB:A'™B' = a3; 


If the two limiting arcs { and lh in between the two par- 
allels are equidistant to » unit of length, then the ratio of 
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their lengths is /:lg) =a", ie., =a". It is not difficult 
to ascertain by conventional methods that the ratio re- 
mains the same when the distance between the arcs is 
expressed not by an integer but by any number—a frac- 
tion and even an irrational number x: / is always equal 


Fig. 10 


to fyat. This ratio is the basis of metrics, i.e., it is the 
basis for the measurement of all geometrical values in 
Lobachevsky’s plane and ‘space. | 

What, then, is the value of the constant a that has sud- 
denly appeared? First of all it is clear that in Euclidean 
space, where always AB=A'B'=A"B"=...,a=1; 
in Lobachevskian space a>1. If our space happened to 
be Lobachevskian space and we were to take a great 
distance for a unit of length, such as a light year, for 
instance, and if, at the same time, we were able to make 
the respective measurements, we would have been able 
to determine the constant a by experimental means and 
thereby conclusively to fix the metric of the space. But 
it is impossible to do this a priori, a priori this constant 
may have a completely arbitrary value. A geometry, cor- 
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responding to the definite value of constant a, is now 
called Ayperbolic geometry. \t can be said that there is an 
infinite number of different varieties of hyperbolic geom- 
etry which correspond to different values of this constant. 
[‘.wclid’s geometry is included in this number, correspond- 
ing precisely to the value a = 1. Instead of the unit a itis 
common practice to use its natural logarithm, In a, or (for 
various reasons this appears to ‘be more convenient) the 
reverse value of this logarithm, k= 1:Ina. Euclidean 
veometry corresponds to the value Ina=0Oork=o. 

Let us carefully examine the latter instance which has 
decisive significance in non-Euclidean geometry. In prop- 
er hyperbolic space (i.e., in the case of aA 1 or ko) 
veometry, as we have seen, differs substantially from 
Suclidean geometry; it has given way to Lobachevsky’s 
geometry. But this, too, is not quite so in the case of two- 
dimensional geometry. 

In Euclidean space the plane, as is said, carried upon 
itself two-dimensional Euclidean geometry whereas in Lo- 
hachevsky’s space it carries upon itself hyperbolic geom- 
etry. But it is not the plane alone that has its two-di- 
mensional geometry; strictly speaking this is true of ev- 
ery surface. However, in the narrower sense, it can be said 
that in Euclidean space surfaces of only two types have 
‘i specific geometry: planes and spheres. This should be 
tnderstood to mean the following. 

One of the principal methods used in constructing 
plane geometry is superposition, i.e., moving figures in 4 
plane. The plane allows the movement of figures in it with- 
out any deformation, and any pcint of the figure can be 
matched at any point in the plane; but having fixed one 
point the plane may be revolved around this point. The 
same movements are possible also on the sphere. Hence, 
it is also possible to construct a geometry on the sphere 
by means of superposition. In such a construction straight 
lines are replaced by geodetic lines of the sphere, i.e., by 
lines which, like the straight lines in the plane, when 
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passing between two points, represent the shortest dis- 
tance between them; it is well known that on the sphere 
this role is played by the circumferences of great circles. 
The construction of geometry of a sphere dates back to 
ancient times. The main points underlying geometry of 
a sphere—axioms of spherical geometry—are substan- 
tially different from those in the plane: here two geodetic 
lines—two circumferences of great circles—always in- 
tersect not at one, but at two points, the arc of a geodetic 
line can be produced on either side, but will always return 
to the initial point, the length of a geodetic line is a finite 
and there are no parallel geodetic lines at all on a sphere. 
St follows that spherical geometry in Euclidean space 
differs substantially from plane geometry. One of its 
distinguishing features is that the sum of interior angles 
of a geodetic triangle (i.e., a triangle constructed of arcs 
of great circles) is always more than 2d. 

Hence, it follows that in Euclidean space there are two 
types of surfaces which admit of internal geometry, 
founded on movement without deformation—they are 
geometry of a plane and geometry of a sphere. Other sur- 
faces, without substantial modification in interpretation, 
do not fully allow any such geometry. On a three-axes 
ellipsoid, for example, there can be no question of trian- 
gles being equal, for it is possible to move the triangle 
from one place to another. 

That is how matters stand with regard to Euclidean 
space. How is this modified in a space where Lobachev- 
sky’s geometry holds sway? Here, too, of course, a plane 
and a sphere each have their “interior” geometry in the 
above sense. Moreover, the geometry of a sphere is here 
exactly the same as in Euclid’s space. This is due to the 
fact that all the basic properties of a sphere are here 
preserved: the two circumferences of great circles also 
intersect at two points, etc. The geometry of a sphere in 
Lobachevsky’s space is the same as in Euclidean space. 
On the contrary, the plane here carries a substantially dif- 
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ferent geometry—hyperbolic planimetry, the essential fea- 
lures of which have already been adequately dealt with. 

But there exist in Lobachevsky’s space still other sur- 
faces which admit of interior geometry developing by the 
very same means—above all by free movement. If the 
limiting line is revolved about one of its axes We will 
have a peculiar surface which Lobachevsky calls a limit- 
ing sphere or simply a limiting surface. Inaccurately, but 
ligunatively, it may be assumed as a sphere with an infi- 
avitely distant centre. The limiting lines on this surface 
serve as geodetic lines. Such a surface can be moved, 
slide about itself just as a plane or sphere; on it an inte- 
rior geometry can be constructed by the same aforemen- 
tioned means. What kind of a geometry is this? 

Lobachevsky found this to be ordinary Euclidean geom- 
ctry. In Lobachevsky’s space a limiting surjace car- 
ries upon itself two-dimensional Euclidean geometry. 
When we reject Euclidean geometry on a plane, it does 
‘not cease to exist, it goes over to another surface—to a 
limiting surface. 

This restoration of Euclidean planimetry in non-Euclid- 
«zn space is a matter of paramount importance. It 
amounts to the preservation of all the means of Euclidean 
planimetry and above all its trigonometry. In Euclidean 
space spherical trigonometry is obtained by means of a 
‘respective projection of an initial plane on a sphere. Loba- 
chevsky’s geometry naturally proceeds from a limiting, 
ssurface which carries upon iit the simplest—Euclidean— 
meametry. In projecting its “limiting triangles” on a 
plane, bkachevsky arrived at a trigonometry of a right- 
angled triangle in a hyperbolic plane. “After this,” he 
said, “everything else in geometry will be a matter of anal- 
ysis.“1 Disposing of a hyperbolic plane trigonometry (or, 
‘which amounts to the same thing, of hyperbolic space), 


IN. I. Lobachevsky, On the Principles of Geometry, Collected 
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Lobachevsky was able to construct in his “imaginary 
geometry,” in ‘“Lobachevsky’s space,” or in “hyperbolic 
Space,’ as we now Say, an analytic geometry, a differen- 
tial geometry ‘and to make integral computations—to 
bring.the geometry he had created to the heights which 
in the course of three thousand years and particularly in 
the past three centuries Euclid’s classical ordinary geom- 
etry had attained. And the more this new geometry 
developed, meeting no contradictions and often without 
meeting even any barriers of principle, the more convinced 
became the author that it was just as solid as classi- 
cal geometry for the extension of which it was created and 
which it maintains in its foundation as an initial, partic- 
ular (limiting) case. A completely new science was 
created, new ideas and facts were usheredinto the world, 
which bore the genius of their maker. Human knowledge 
had never known anything like it. 

Anyone able carefully to study all these works, to ap- 
prehend these ideas and facts would doubtlessly have 
been just as certain of the infallibility of the new geom- 
etry as was Lobachevsky himself. But in those days 
there was only one man in the world who could under- 
stand and fully appraise the work, and that was Gauss. 
But he, too, did not become familiar with Lobachevsky’s 
works until eleven years after, when Lobachevsky’s first 
memoir appeared in the Kazan Messenger and a copy 
of Geometrische Untersuchungen zur Theorie der Paral- 
lellinien, published in 1840 in the German language, was 
sent to him. Gauss studied the brilliant mathematical 
paper and, of course, fully appreciated its worth. He spoke 
very highly of it in letters to his friends Gerling and 
Schumacher and recommended it to them. He collected 
all of Lobachevsky’s works, learnt Russian so that he 
could study them in the original language, and made 
Lobachevsky a member of the Goettingen Scientific So- 
ciety, personally informing him of his election. But true 
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lo his principle, Gauss never mentioned the discovery 
in print, never gave the ideas he faithfully shared the 
slightest support. Fearing the “wasps” that would rise 
over his head if he published his views, Gauss, by his si- 
lence, by his improper attitude towards other mathema- 
licians, who looked to ‘him for support, delayed the recog- 
nition of the new geometry by several decades. What 
(jauss feared in his own personal interests Lobachevsky 
ignored in spite of the “wasps” that circled over him. In 
lhe Russian and German press scornful articles appeared 
deriding Lobachevsky’s works; these brutal attacks by 
people who were incapable of apprehending Lobachev- 
sky’s ideas made life very bitter for the great scientist. 


VITl 


The chanacter and size of this essay does not permit 
of any quotation of the analytic correlations (formulas) 
upon which the metric computations in Lobachevsky’s 
seometry are based (measurement of the lengths of 
curves, areas of figures, volumes of solids). However, it 
will be worth while to touch on some of the most im- 
portant of them, to throw some light on matters of prin- 
ciple connected with them. This will require a little more 
inathematical knowledge and the reader who does not 
possess such knowledge may skip this part. 

Above we proved that the angle of parallelism, cor- 
responding to the distance x point from the straight 
line to which the parallel is drawn is a function of x and 
in Lobachevsky’s designation IT (x). It goes without say- 
ing that Lobachevsky’s primary and fundamental task 
was to find this function which characterized the new 
veometry, dictated its laws and established the corre- 
lations reigning in it. And he coped with the difficulties 
which stood in the way to the solution of this problern; he 
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found that this function was determined by the relatively 
simple equation 


tg ane (x}=e *®orll (x)=2arctge * (1) 


where e is the base of natural logarithms, and k the same 
constant which was mentioned previously.? 

Given the designation Rk the angle II (x) is determined 
by the designation x. An examination of this equation 
shows that it confirms the deductions arrived at above: the 
angle II (x) increases when x decreases; when x becomes 
very small (compared to 2), the angle IT (x) tends to the 
right angle; Euclidean geometry (in which II (x) = d) 
reigns over a very small length compared to the segment 
whose length is expressed by &. 

This gives rise to new considerations of great signil- 
icance. In Lobachevsky’s space there exists the segment 
(k) which, compared to other segments, plays an exclu- 
sive role. It is precisely the comparison with that segment 
which allows us to speak about great and small distances. 
It is natural to take this segment as a unit of measure for 
then the formulas and computations are considerably 
simplified, and that is exactly what Lobachevsky does. But 
it is precisely this circumstance—the existence in space 
of a “natural unit of measure’—that caused the greatest 
doubt. True, we who inhabit the Earth have such a ‘‘natu- 
ral” unit of measure and use it: for the metre is “natu- 
rally” determined on the sphere we live on—the Earth. 
But what seemed unacceptable was the fact that this 
exclusive segment exists in space. 

Gauss wrote on the occasion: 

“The only thing in this system that conflicts with 
our reason is that, if this system were justified, there 
should have existed in space a certain self-defined 


1 
! The quantity K=— rr is now called the curvative of hyperbolic 
space. 
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(although unknown to us) linear quantity. But I think 
that we, apart from the inane verbose wisdom of met- 
aphysicians know very little or even nothing at all 
about real space; we cannot confuse what to us 
appears unnatural with the absolutely impossible.” 


And quite possibly the crux of the matter lies in the 
luct that the structure of space as a whole is not what we 
linagine it to be. This profound concept, related to cos- 
ttogony, to the theory of the creation of the Universe, was 
evolved on the basis of Lobachevsky’s geometrical ideas. 
These considenations are again becoming manifest today. 

Itunction II (x), defined by equation (1), figures in all 
(lu equations of Lobachevsky’s space trigonometry. Thus, 
lle relation in the right-angled triangle between the hy- 
polenuse ¢c, cathetus a and the acute angle A opposite it 
I, expressed by the equation 


ctg II (a) = ctg II (c)- sin A (2) 


In accordance with formula (1) 


tg5 Tl (x) 9 & 2 
Wy ET (x) = ———_—_ = —__3, = 4 £ 
1—tg? ; II (x) te ek _»@ k 
eke - 
ctg Il (x) =——_5——— =sh > 
ind the equation (2) takes the form of 
sh—— =sh — sin A (3) 


x 
; sh is the Ayperbolic sine of argument, i. e. the function, 
H 1 x 
ke Ts 
cot X- °° “eC. —. 
defined by equation sh -—= 
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It follows, therefore, that Lobachevsky’s trigonometric 
equations are expressed in hyperbolic functions. That 
is where this geometry obtained its present name of 
hyperbolic geometry. On the other hand the expansion 
of the hyperbolic sine in power series can be expressed 
as follows: 


x x 1 x \8 
hp toe) t+ 


which shows that for very small values of the fraction > 


in the limits of an infinitesimal of the second order (i-e., 
neglecting the powers of this fraction over the second) 


sh—-can be replaced through —. At the same time the 
trigonometric equation (3) after the elimination of the 


multiplier 4—will take the form of 


a=c-:sin A, 
in other words it is reduced to the corresponding equation 
of Euclidean trigonometry. We again arrive at the ccn- 
clusion that in a very small region the correlations of 
Lobachevsky’s geometry coincide with Euclidean equa- 
tions; but now we see to what limits this coincidence 
goes—with the precision of infinitesimals of the second 


order relative to —. This increased the accuracy of the 
deduction which may at first have seemed inadequate. 


IX 


What has the new geometry brought us, what has it 
contributed to the treasury of human knowledge, to 
scientific thought? 

Let us begin with the question which gave rise to the 
new geometry, with the question of the proof of the pos- 
tulate of parallels. If Lobachevsky’s geometry contains 
no contradictions then both the Euclid postulate, which 
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loads to the classical or ordinary geometry, to use Loba- 
chevsky’s terminology, and the Lobachevskian postulate 
which leads to the mew, “imaginary” or “hyperbolic” 
veometry are equally compatible with the principles, with 
the fundamentals of absolute geometry. In other words 
the Parallel Postulate is not the consequence of the re- 
Inaining axioms and of the other postulates of Euclid 
and cannot be logically drawn from them. Every attempt 
to give its proof is doomed to failure. The question 
which for thousands of years occupied the minds of 
scientists was solved in an entirely new and peculiar 
way. At the same time the ground was prepared for the 
so-called “proofs of the impossible,” which now play 
such a significant part in mathematics. 

Then, geometry which seemed such a completely evolved 
science, which, as Helmholtz said, “appeared before 
is in such complete and ready form,”’ so that there could 
be no question of any contradictions or doubt in its do- 
inain, the principles of which allowed for no change, 
no evolution, quite unexpectedly came to life, received 
wide development, grew into an extensive edifice in 
which Euclid’s geometry occupied a modest place, al- 
though it was the cornerstone in the foundation of this 
edifice, 

It is also noteworthy that the very construction of 
non-Euclidean geometry did not at all proceed along 
purely formal logical lines. This may seem very strange 
but intuition helped its creator in the same way as it did 
in the creation of classical.geometry. And the one who 
clearly understood the process, could not fail to see that 
we could think not only in terms of the old, established 
space concepts, but also in terms of entirely new, radi- 
cally different images, which to some extent could claim 
understanding in the Universe as a whole, and which 
gave way to the old concepts only in an insignificant 
part of the Universe, which we command. And anyone 
who had become familiar with Lobachevsky’s space 
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geometry soon got used to seeing in it everything just 
as clearly as in our ordinary space, in ‘“‘ordinary” clas- 
sical geometry. And if that is so how can we speak of 
space images as being organically inherent in our con- 
sciousness, as forms of thinking inherent in us from 
birth? 

If before materialistically minded people clearly real- 
ized that our geometrical concepts developed and became 
incorporated in us as a result of age-long experience, 
then now, in the light of Lobachevsky’s discoveries the 
question became different: only experience, measurements, 
which penetrated much farther than was possible not 
only in everyday life but also in former astronomical 
observations had as yet to establish whether in the Uni- 
verse as a whole geometrical relations of classical geom- 
etry should remain in the macrocosm or whether they 
should be replaced by those created by N. I. Lobachev- 
sky and with what value of constant k they should here 
function. Kant’s views in their many modifications, 
which were the last haven of idealistic philosophy, were 
dispersed like smoke. Helmholtz brilliantly explained 
this in his famous speech which completely refuted 
“Kant’s idealistic concepts.” 

Let the patent and non-patent neo-Platonists go on 
repeating that non-Euclidean geometry is a delusion, let 
them go on focussing their attention on Plato’s ideas, or 
on the creator of the Universe as the original founders 
of space and our geometric concepts and notions; these 
assertions only show the meagreness of mind of these 
neo-Platonists and their inability to. master the new 
subject which requires bold and persistent. thinking. But 
for us the new. geometry is crystally clear, we can oper- 
ate in it just as successfully as in Euclid’s classical ge- 
ometry, and. we turn our attention to. the brilliant crea- 
tor of non-Euclidean geometry, . who- had. destroyed the 
pillars of idealistic philosophy, and..bow. to. his genius. 
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This worship, however, is recent, for during Loba- 
chevsky’s lifetime non-Euclidean geometry was met with 
hostility and derision. And the conclusions, mentioned 
above, were dnawn by Lobachevsky alone. Despite their 
convincing nature they allow for an assumption which 
Lobachevsky himself could mot regard as being fully 
justified. However far and however widely Lobachevsky 
developed his new “imaginary” non-Euclidean geometry, 
lowever closely its results were linked together and ana- 
lytically and geometrically always justified one another, 
—the question that this system, this vast cycle of ideas and 
facts may somewhere conceal contradictions, which 
would one day come to light and destroy all this struc- 
{ure—this question “of the non-contradictory nature” of 
non-Euclidean @eometry was a matter of great concern 
lo Lobachevsky. It is true that both Lobachevsky and 
everyone else who had become familiar with non-Euclid- 
can geometry drew the conclusion that everything in 
this structure was too closely associated, that this coor- 
dination could not be fortuitous, that this was just as 
solid a construction as was Eutclid’s classical geometry. 
The force of its logic was indisputable and anyone who 
had studied and mastered it became convinced of its 
solid firmness, of its logical “non-contradictory” nature. 
But Lobachevsky was well aware that this faith was 
nonetheless subjective, that it was still a faith with all the 
weaknesses of every faith. The trouble was. that non- 
Euclidean geometry did really appear before the mathe- 
matician in-absolutely ready form, it appeared, of course, 
not from.-the head of Jupiter, but. not, however, from 
graphic reality. It was -in striking coritradiction to. reali- 
ty, as it was usually conceived, and appeared either as 
an- absurd phantasy or a pure invention. Therefore, Lo- 
bachevsky was faced with four complex. problems which 
had to. be urgently solved.: Pee 
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First, where lies the source of this striking divergence 
of the new geometry from what we see, from what we have 
long known of space? Second, how could a completely 
new science come into being in such a speculative way? 
Third, what reason have we to believe that this speculation, 
if continued still further, will not, in the final analysis, at 
some unforeseen juncture, prove to be wrong, will not 
lead to.a contradiction and thereby, despite his faith, lead 
to the disproof of imaginary geometry, to the final asser- 
tion of Euclid’s geometry? Fourth, what good will the new 
geometry do to mathematics and science as a whole? 

Lobachevsky gave to the first two questions a clear-cut 
and indisputably correct answer, which we, in general 
outline, have ‘already elucidated. This answer showed 
that our geometrical concepts are the result of obser- 
vation, and although they stretched over an extremely 
long period they covered ‘but a very small part of the 
Universe within which they originated in a simplified form. 
It is these concepts, when spread to the whole of the Uni- 
verse, Which are ian illusion born of lack of foresight, like 
the one, which also from lack of foresight, for ages giave 
rise to the conviction that the Earth was flat. It was said 
that non-Euclidean geometry, which at first glanoe seemed 
to have originated by way of speculation, was founded on 
the same premises as Euclid’s geometry with the single 
exception that one premise was replaced by another, pe- 
culiar hypothesis, and all the deductions, the entire 
theory was of the same nature as any other theoretical 
construction in science, based on a hypothesis, The re- 
sults of such a construction, depending on whether they 
would be justified or not, should either confirm or refute 
the hypothesis. To achieve this Lobachevsky carried out 
his astronomical observations which could not, however, 
yield conclusive results, as he considered probable, be- 
cause the instruments lacked precision. In these circum- 
stances the most burning question was the third—the 
logical non-contradictory nature of non-Euclidean 
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geometry. It was a question that confronted Lobachevsky 
all his life. All his later works were devoted to finding an 
answer to this problem; it was a subject that occupied 
him most. 

Lobachevsky sought a solution to the problem in his 
own, original way which at the same time gave a kind of 
answer to the last of the aforementioned questions. He 
tried to find a way of applying imaginary geometry for 
definite integral calculus. The finding of exact values for 
definite integrals in numbers or in parameters, depend- 
ing on the case considered, is ia difficult and vital object 
of analysis. In Lobachevsky’s times, when Eulerian tra- 
ditions were still fresh, this was considered an especially 
important task. Various methods were deduced for its so- 
lution in given instances and in this geometrical con- 
siderations often played an essential part, Lobachevsky 
applied the same considerations for determining the val- 
ues of definite integrals, but he used for this purpose not 
Euclidean but hyperbolic geometry. He considered the giv- 
en integral as a value of the length of a certain curve in 
a hyperbolic plane, as the area of acertain figure ina plane 
or any other surface, as the volume or mass of a cer- 
tain solid, and since these were metrical values in hyper- 
bolic space, the considerations he deduced on the basis 
of imaginary geometry indicated how to find the value 
of the considered integral. And when this value was found 
it was frequently possible to find also analytical ways 
which led to the same goal. The congruency of the results 
obtained Lobachevsky regarded as confirmation of the cor- 
rectness of hyperbolic geometry. In this way Loba- 
chevsky did really find the values of many definite inte- 
gnals: the reference books on this subject are full of Lo- 
bachevsky’s name. A peculiar instance was the case of an 
integral the value of which was sought by Lagrange and 
which Lobachevsky found without any trouble by means 
of non-Euclidean geometry. 

All these results, which were undoubtedly interesting 
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from the analytical viewpoint, favoured the application 
of hyperbolic geometry to analysis, gave more subjective 
confidence in its logical accuracy; but they did not solve, 
and could not sclve, the main task of the non-contra- 
dictory nature of the new geometry, since this cannot be 
achieved by any individual examples of its application. 
Lobachevsky knew this very well, pondered over the prob- 
lem all his life, but could not find a conclusive solution; 
this fell to the lot of future generations. It should be said, 
however, that this was a matter of principle rather than 
a practical issue, No mathematician, really familiar with 
Lobachevsky’s geometry, would assume it to be contra- 
dictory. To create such a great scientific work, to realize 
its enormous significance, its mathematical perfection and 
not meet a single person who would appraise it at its true 
worth—moreover, to be ridiculed, to read the sneering 
comments and not to be able to answer them (Loba- 
chevsky’s replies were not printed)—was a great tragedy 
in his life. A similar tragedy deprived Taurinus of his 
reason and drove Johann Bolyai to despair. What saved 
Lobachevsky from their fate? His will power, bustling 
vigour, capacity for work, healthy interest in life and his 
fidelity to the cause of enlightenment, and particularly 
to Kazan University. 

From the end of the twenties until the last years of his 
life Lobachevsky devoted himself to intensive admin- 
istrative and public activity the effects of which are still 
felt at Kazan University. Let us now return to his biog- 
raphy. 
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The oppressive regime which Magnitsky had established 
at Kazan University prevailed for seven years. Through- 
out this time the Ministry of Education and other higher 
authorities in Petersburg were bombarded with petitions 
and memorandums from iprofessors and-others concerning 
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irregularities at the University; these were followed by 
accusations against those who opposed the existing order. 
Magnitsky’s unpopularity had spread in both Kazan and 
Petersburg. Emperor Nicholas I, who succeeded Alexan- 
der, was no champion of high and free education, but 
events in Kazan University had gone beyond all"possible 
limits. There were also private reasons which caused his 
displeasure. Magnitsky did not think that Nicholas would 
assume the throne and in his memorandums to Alex- 
ander I (which he submitted without the Minister 
of Education) accused the grand dukes, including Nicho- 
las, of liberalism. After Alexander’s death one of these 
memorandums fell into the hands of Nicholas. Prince Go- 
litsin, who was then Minister of Education, was replaced 
by A. S. Shishkov, who instructed General Zheltukhin to 
carry out a new revision of the University, following which 
Magnitsky was dismissed and exiled to Revel. His place 
as guardian of the Kazan district was taken by Count 
Musin-Pushkin, a former graduate of the University. The 
latter may have been overpraised by some contemporaries 
and historians but there can be no doubt that he was a 
man truly devoted to the cause of education and to Kazan 
University. He found the University a complete wreck 
both from ‘the scientific and moral standpoint. “Never be- 
fore,’ wrote N. Feoktistov in his monograph on Magnit- 
sky and his time, “had the University presented such a 
wretched and shameful spectacle, and great, indeed, was 
the responsibility of those who had brought it to such a 
state.” The rector of the University then was Prof. Fuks, 
a medical man, who is still remembered in Kazan for his 
good qualities and erudition. But he had absolutely no 
will of his own and therefore soon became a blind instru- 
ment in the hands of Magnitsky. After the appointment 
of Musin-Pushkin, he, of course, could not remain at his 
post. The University had to have a new rector, a man who 
could infuse new life into the young but crippled insti- 
tution and make it a centre of education, which the country 
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needed so badly. This was the desire of the University 
board and of its new guardian. In 1827, apparently, on 
agreement between Musin-Pushkin and some leading 
members of the board, N. I. Lobachevsky was elected nec- 
tor of the University. He was only 33 when he assumed 
the office and although he had little administrative expe- 
rience he fully justified the trust placed in him. He won 
great respect in that capacity for he was elected to the 
post six times and held it for close on twenty years (from 
1827 to 1846). 

Lobachevsky gave his views on education in a speech 
he made at a general meeting of the University on July 
17, 1828, and which was published under the title of 
“Speech on Vital Elements of Education.” In the era of 
the Nicholas regime, absolute serfdom and universal 
ignorance that then reigned in East Russia it was pro- 
foundly progressive, expressing popular sentiments. 
Here is a characteristic excerpt, obviously addressed to 
the ruling classes: 


“You, whose existence chance has unfairly made a 
heavy taxation upon others, you, whose mind has 
been dulled and feelings deadened, you take no delight 
in life. For you nature is dead, the beauty of poetry 
alien, for you architecture has lost its charm and 
splendour, and the history of the ages is unentertain- 
ing. I take comfort in the hope that no such prod- 
ucts of vegetable life shall leave our University, 
will not even enter it, if, unfortunately, they have 
been born with such a designation.” 


These words should not be regarded as expressing 
socialist views for Lobachevsky was far from anything of 
the kind, But they were certainly progressive for those 
times. Education, Lobachevsky believed, should destroy 
ignorance, provide knowledge, inculcate moral qualities 
in a person, strengthen ‘his physique and make him a 
happy member of society. The school thas to accomplish 
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this at every stage and the University at the highest 
phase. And Lobachevsky began the reorganization of Ka- 
zan University precisely on these lines. 

His first and probably his greatest service was that he 
brought peace and tranquility to the over-wrought and 
divided professors. Only on this basis was the healthy 
development of the University possible. 

Under Lobachevsky’s guidance the University staff 
was supplemented and the library made one of the best 
in the country. All the faculties were provided with a rich 
collection of study devices, and a scientific publication 
was started—The Scientific Papers of Kazan University, 
which still exists. The first paper contained Lobachev-: 
sky’s memoir, and later editions some of his most impor- 
tant works. Lobachevsky began large-scale construction 
of the University buildings, got substantial appropriations 
for the purpose, and personally headed the building 
committee. He even studied architecture to be able prop- 
erly to supervise the work. Most of the buildings, as we 
know them today, bear the imprint of his activity. 

We cannot here dwell at any length on his work in the 
capacity of rector of Kazan University. However, two 
characteristic facts deserve to be mentioned. 

In 1830 Kazan was ravaged by cholera and Loba- 
chevsky took vigorous measures to isolate the University 
and to combat the disease in town. Heset up an infirmary, 
widely applied disinfectants, maintained absolute clean- 
liness in the University and kept all who had any con- 
nection with it within bounds (about 600 people), there- 
hy reducing the toll of victims to twelve, which was noth- 
ing compared with what was happening in town. Loba- 
chevsky’s service was noted by the leading authorities. 

Ten years afterwards another calamity befell Kazan. 
In August 1842 a fire broke out in town which, in the 
raging wind, quickly spread to the University. Lobachev- 
sky rallied the students and with their assistance fought 
the flames. The astronomical observatory was destroyed, 
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but the main instruments and the library, which was in 
immediate danger, were saved. Lobachevsky had great 
difficulty in restoring the buildings and collections, 
which had suffered from the fire, but with his usual vig- 
our he succeeded. 

Lobachevsky’s educational activities were not con- 
fined to his work at the University. As a member of the 
Kazan Economic Society and one closely attached to the 
district educational board he also followed the work of 
the schools. Lobachevsky insisted on the establishment 
of courses and classes for non-school education, a trade 
school and an orphanage. This was not the whim of an 
idle liberal, it was, as in the case of Lomonosov, a de- 
sire to bring enlightenment.and knowledge to the mass of 
the uneducated people of Russia and particularly to its 
eastern outskirts. It is hard to believe that, over a huge 
territory of Russia, from Moscow to the Pacific, there 
was only one gymnasium in Kazan, only one elemen- 
tary school for hundreds of thousands of the population 
who languished in ignorance, And in this oppressive aat- 
mosphere, with the ruling classes showing no inclination 
to root out this ignorance, a man of authority appeared 
whose efforts, mind and will were devoted to bringing 
light to these people, to cultivating education in his na- 
tive town, district and the country in all its phases, from 
an elementary school to the highest university stage, to 
research work. 

Such was N. JI. Lobachevsky. Amidst this tireless ac- 
tivity he went on with his teaching, lectured on various 
topics of physics and mathematics, on special subjects, 
expounded his own ideas, which only a few of his stu- 
dents could apprehend, and delivered popular lectures for 
big audiences. 

In 1846 thirty years had passed since Lobachevsky 
was promoted to a professorship. According to the Uni- 
versity regulations no professor could hold a chair over 
this period. The University Council requested that 
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Lobachevsky should be invited to remain on the board of 
professors as rector. The petition stated that this would 
be a great honour for the University. But Lobachevsky 
declined the honour iand resigned.? 

However, Lobachevsky was appointed assistant guard- 
ian of the Kazan educational district and since Musin- 
Pushkin was transferred to Petersburg Lobachevsky, for 
a year, directed all the affairs of the district. Twelve 
months later, in 1847, General Molostvov was appointed 
guardian of the district and Lobachevsky was made his 
assistant. He held this post until 1855, 

In 1855 Kazan University celebrated its 50th anniver- 
sary. This was an occasion when Lobachevsky published 
his last paper entitled Pangeometry.2 This work did not 
contain any substantially new ideas; it was in fact an 
improved version of imaginary geometry with more or 
less substantial improvements and corrections. Unfor- 
tunately Lobachevsky was then already blind and had to 
dictate his last scientific paper to his disciples. 

The recollections of his children, relatives, colleagues 
and civil servants, compiled in different periods by mem- 
ory and devoted to various aspects of his life, are often 
contradictory. However, they clearly described his per- 
sonality. 

Lobachevsky had limited means in early life, but having 
become assistant professor, he and his brother Alexei 
Ivanovich, according to his son, began to live in grand 
style. Nikolai Ivanovich was then lively, cheerful and 
sociable, in features resembling his mother Praskovia 
Alexandrovna. However, hard work and suffering made 
him ia different man. In middle age, writes N. P. Wagner, 


1 L. B. Modzalevsky wrote that ‘“Lobachevsky’s noble qualities 
were here clearly revealed. He thought it expedient that Professor 
A. F. Popov, his disciple, should take the University chair from him 
lor {he reason that the professorship should be represented bv 
younger scientific personnel.” 

2 Included in Vol. III of the Collected Works, 1951.—-Ed. 
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“Nikolai Ivanovich was tall, thin and stooping with 
head nearly always bent as if in deep thought. This head 
of genius had thick blond hair which curled slightly and 
bristled, and a skin so sensitive that Nikolai Ivanovich 
could make his hair almost reach his eyebrows. Later 
on in life he turned completely grey not so much from 
age as grief and ill-fortune. His dark grey eyes always 
wore a gloomy, thoughtful lock and his knitted brows 
only relaxed in rare moments of good-humour when he 
would startle his listeners with some strikingly witty 
remark. 

“Lobachevsky was an unusually quiet man, and soft 
of speech. He spoke smoothly but slowly as if pondering 
over each word. Everything he said seemed so thorough- 
ly reasonable.” The observations of other authors are 
similar to what has been said above. 

All note the sympathy and consideration Lobachevsky 
always had for people he came in touch with, and espe- 
cially for those who showed an interest in scientific 
work. This was evident from many examples, the most 
characteristic of which was his interest in I. A. Bolciani, 
a young Italian who came to Russia with Baciaro, a trav- 
elling book-seller. This book-seller spent some time in 
Kazan where he kept a bookshop which was frequented 
by many scientific workers. Once A. F. Popov went to the 
shop and found Bolciani engrossed in mathematics. A 
closer examination revealed that the boy was reading 
Poisson’s Mechanics, a composition which was not at 
all easy. It turned cut that he really did not understand 
everything and skipped the difficult parts, but he still 
pored over Poisson. Popov mentioned the lad to Lobachev- 
sky who arranged for him to have regular studies. Bol- 
ciani was admitted to the University, which he graduat- 
ed with a master’s degree. Eventually he won a profes- 
sorship and taught physics. 

When nearly forty years old (in 1832) Nikolai Iva- 
novich married Varvara Alexeyevna Moiseyeva—the young 
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daughter of one of the wealthiest families in Kazan. 
. P. Pertsov writes in his memoirs that Simonov and 
lobachevsky were frequent visitors at the Moiseyevs. 
Varvara seemed very much in love with Lobachevsky, 
but was very plain. Simonovy recalled that he had often 
advised Lobachevsky to marry her, but he would.always 
(urn the matter into a joke. It is difficult to say what 
prompted him. Either he eventually became fond of her 
or approaching middle age he sought a secure and quiet 
life. The authors of the memoirs speak differently on the 
inatter. 

His wife was a woman of means. She owned three es- 
lates in different regions and a big house in Kazan. The 
|.obachevskys lived in great comfort. “Our house,” re- 
lated N. N. Lobachevsky, “was always full of select so- 
ciety people. Our cooks were considered the best in 
flown.” Varvara Alexeyevna was an educated woman; vis- 
itors were alwavs welcome. 

And yet Lobachevsky’s family life was not a happy 
one. This is the view of all commentators. ‘His wife,” 
wrote Pertsov, “was not only plain, but was also a bad 
housewife. It was very unusual to hear Lobachevsky or- 
der the meals for the day and even pour out the soup at 
(he dinner table. This is generally done by the hostess, but 
in the home of the Lobachevskys everything was topsy- 
lurvy: the hostess would play the guest while the host, 
(thoughtful and silent, would fill the soup plates of the 
visitors. But these were trifles. The fact of the matter ’ 
was that the two were quite different. Nikolai Ivanovich 
was calm, patient and discreet whereas Varvara Ale- 
xcyevna was excitable and quick-tempered. She would 
strongly scold her husband for some blunder while he 
would calmly pace the room smoking his long Turkish 
pipe. But at times these differences developed into heat- 
ed arguments.” 

The family’s financial affairs also deteriorated. At the 
close of the thirties Lobachevsky wrote to I. E. Veliko- 
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polsky, his wife’s brother, that they were badly in need 
of money. Going by the memoirs of Lobachevsky’s son 
and some of his own letters to Velikopolsky, their strait- 
ened circumstances, which. later became very serious, 
were due to the following reasons. Finding it more and 
more difficult to manage three small estates in different 
regions the Lobachevskys decided to sell them and buy 
one near Kazan. The transaction was done through Ve- 
likopolsky who acted as a go-between. Part of the mon- 
ey from one deal was delivered to the Lobachevskys, 
who spent it on the purchase of Belovolzhskaya Slobod- 
ka-—a small estate in the Volga countryside. This was 
important for it enabled Lobachevsky to devote himself 
to agriculture which was his favourite pastime, and was 
an excellent means of distracting him from strenuous 
research and management. Whatever Lobachevsky did 
he always did thoroughly. Having decided to convert 
this estate into a model farm, he built a house, a wing, 
barns, coach-houses, a threshing barn and _ sheep-fold. 
He developed animal husbandry, fertilized the land, laid 
out an orchard, built a mill and even a dam so as to 
make use of the mountain springs. Lobachevsky dis- 
played here the vigour he showed in building up the Uni- 
versity. 

Lobachevsky’s interest in agriculture was not super- 
ficial. He was an active member of the Economic Socie- 
ty and took great interest in its work, mainly in ques- 
tions of agriculture. It is astonishing how much time, at- 
tention and effort he gave to it. At the request of this 
society he lectured on methods of livestock feeding, 
grain and technical crop cultivation, winter storage of 
potatoes and construction of watermills. It seems un- 
believable that all this he combined with research and 
the construction, which was then underway. At any rate 
he introduced improvements on his own farm which 
he thought essential for raising agricultural production. 

But the estate was not yet paid for in full and no 
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money was forthcoming from Velikopolsky. The latter 
was ia man of a different type. He spent a good deal of 
his time in the capital, was a playgoer, something of a 
poet, a passionate card-player and spendthrift, and Lo- 
bachevsky’s money went with his own means: one of- 
ficial paper affixed to the correspondence shows that 
Varvara had even to help him out. They had to mort- 
gage the estate and later even the house in Kazan. It is 
also probable that the money he spent on farm develop- 
ment was far beyond this means and beyond the scope of 
the farm. His neighbours, who were used to living in 
the old way, gloated over his misfortunes and added to 
his misery. 

When Lobachevsky left the University the situation 
was further aggravated, his salary diminished and al- 
though he was still in government employ Molostvov 
insisted that he should move out of his flat. True, he had 
asked the authorities to pay his housing expenses, but 
the request was not granted. Lobachevsky had to move 
into his own house, which reduced his income and 
made it difficult for him to pay the mortgage interest. 
Nikolai Ivanovich did not foresee this eventuality and 
soon an announcement appeared in the papers that the 
house would be sold to meet his obligations. Meanwhile, 
some “obliging” friends had conveyed the news to his 
wife, and she was very much upset. She ran to her hus- 
band and strongly reproached him. The frequent arrests 
on their property made their life very miserable. This’ 
time the money had to be borrowed and that aggravat- 
ed matters still more. Later, after Lobachevsky’s death, 
the estate was sold. 

But money difficulties were not the greatest misfor- 
tune in Lobachevsky’s family life. Death seemed to 
haunt his home, taking his children from him and caus- 
ing him great grief. 

Strange as it may seem, we cannot say for certain 
how many children the Lobachevskys had. Lobachevsky’s 
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daughter V. N. Akhlopkova writes that her parents had 
fifteen children while his son Nikolai says there were 
eighteen. It seems probable that some died at a very 
early age, may be at birth. However, the living chil- 
dren were also quite numerous. Lobachevsky’s service 
record showed that he had four sons and three daughters. 
The children were frail; one daughter, Nadezhda, died 
very young. Soon after he left the University his favour- 
ite son, Alexei, was taken ill with tuberculosis. Nothing 
could be done to save him and he died in the arms of his 
friend Vladimirsky. This was a terrible blow to Lobachev- 
sky. Some time before his wife, Varvara Alexeyevna, was 
very ill. When the boy died she was with child. The 
misfortune must have affected her health, and she gave 
birth to a frail, sickly son, who, however, lived to the age 
of thirty. Nikolai, their second son, also brought little hap- 
piness to his parents. Without completing his course at 
the University, he went into military service, which was 
not very successful. All this direly affected Lobachevsky. 

Once lively and cheerful Nikolai Ivanovich Lobachev- 
sky looked aged and worn. This was doubtlessly large- 
ly due to forced idleness. Lobachevsky was always very 
attentive and considerate towards all who needed 
him—his friends and subordinates, and most of all to- 
wards students. This is evident from the episodes de- 
scribed in many reminiscences dedicated to him. Now, 
he seemed to have been abandoned by almost all his 
colleagues who had so gladly visited his hospitable 
home. He sat gloomily and despendently puffing away 
at his long pipe. But the worst of it was that he was 
losing his sight. Many explained this as a result of his 
minute handwriting. That may have had something to 
do with it, but was certainly not the main reason. 
The main reason was that he had developed sclerosis 
at an early age as a result of overwork, mental strain 
and grief, which dugged him aall his life. At times he 
was comforted by a show of attention which would raisé 
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his spirits. He was awarded an Order, but it came a year 
after the same award was bestowed on Simonov. At 
{he centenary of the Moscow University he was elect- 
ed honorary member, announced to him in a letter from 
the rector, which read: 

“Imperial Moscow University, in respect of Your 
l’xcellency’s service to the state and science, has elected 
you its honorary member, fully confident of your assist- 
ance in everything that may promote scientific develop- 
inent and the well-being of the University. 

“Forwarding herewith the diploma for this title, and 
also the silver medal stamped te commemorate the cen- 
lennial, as well as a copy of each work published to- 
date, the University Council has the honour humbly to 
beg Your Excellency not to fail to acknowledge the re- 
ceipt of the same.” 

Some time previously Lobachevsky was elected honor- 
ary member of Kazan University. However, all this 
could not then bring him real comfort. 

On February 24, 1856 Lobachevsky died. His ideas, 
incomprehensible during his lifetime, seemed to be quite 
forgotten. 
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However, these remarkable ideas did not remain in 
oblivion for long. Ten or fifteen years later Lobachev- 
sky’s name was on the lips of nearly all mathematicians 
of the world. The world learnt ;about non-Euclidean 
geometry from Gauss’ letter to Schumacher, published 
after the death of Gauss in 1865. In it Gauss eloquently 
spoke of Lobachevsky’s works, drawing particular atten- 
lion to a small booklet which Lobachevsky had pub- 
lished in German in 1840 under the title Geometrische 
Untersuchungen zur Theorie der Parallellinien. It was 
the most lucid exposition of the elements of hyperbolic 
veometry, one of the most brilliant pearls of mathemat- 
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ical literature. Now it was being carefully read, people 
were beginning to understand the profundity and pecu- 
liarity of these ideas. Helmholtz was the first to at- 
tempt to acquaint wider groups of scientific workers 
with them. Non-Euclidean geometry was not onlv taiked 
about everywhere—by Houel in France, Helmholtz 
in Germany, Tilly in Belgium, Clifford in England, Ge- 
moecchi in Italy—but attempts were being made to devel- 
op it. In the course of a few years a translation of the 
booklet appeared in many languages. The Russian ver- 
sion, translated by Professor A. V. Letnikov, appeared 
in Vol. 3 of the Mathemaiical Journal, published in Mos- 
cow. Lobachevsky’s geometry was now being revived 
and developed. In 1867 Kazan University raised the ques- 
tion of publishing Lobachevsky’s geometry in full. This, 
however, was not accomplished until many years after- 
wards. The remarkable fact was that now that Loba- 
chevsky’s ideas were revived, that they had been ap- 
prehended, their development was rapid. This is not sur- 
prising for these ideas were vivid and interesting; they 
concealed new peculiar features which the world’s great- 
est geometers studied, obtaining excellent results. The 
greatest impression was produced by Beltram:’s work, 
published in 1868. It at once rid non-Euclidean geometry 
of the fantastic touch which had been-the reason for the 
opposition to it. 

We have already spoken about the surfaces upon which 
geometry can be constructed by the same ordinary meth- 
ods as the development of geometry on the plane. We 
have seen that there are three types of such surfaces in 
a hyperbolic space: on the surface of a sphere spheri- 
cal geometry operates, which, slightly modified, is ialso 
called elliptic geometry'!; we have Lobachevsky’s geom- 


1 Elliptic geometry differs from spherical geometry in that its 
two opposite points are considered as one element, the opposite 
points of the sphere are so to say identified with or constitute one 
point of elliptic geometry. 
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etry on the planes and Euclidean geometry on the pe- 
culiar limiting surfaces. But in our ordinary Euclidean 
space there exist only two types of these surfaces: on the 
sphere we have the same spherical geometry and on the 
plane Euclidean geometry. Is it not natural to assume 
that in Euclidean space there must aiso exist’ surfaces 
which generate hyperbolic geometry? The answer to this 
question was received from entirely different probiems, 
but the result proved to be positive. It was found that in 
ordinary Euclidean space there really do exist surfaces 
which generate hyperbolic geometry—Lobachevsky’s 
plane geometry—but with a slight modification of the 
presentation of the question. Let us examine this in 
greater detail. 

The requirement of free movement of figures without 
deformation, of the possibility of superposition of fig- 
ures while remaining on the surface resulted in the selec- 
tion of surfaces generating this or that geometry in the 
aforementioned sense. In Euclidean space there are but 
two types of surfaces which allow such movement of fig- 
ures; they are planes and spheres. But this requisite can 
be slightly slackened, without any change in its essence, 
and then the number of surfaces which would meet 
the requirement would substantially increase. In this 
sense we may speak about superposition of figures on the 
surface of a cylinder: the movement of ia figure on a 
cylindrical surface will then be followed by a certain de- 
formation—by curvation, but it will not change in shape 
or size. This will be clear if we imagine a strip of paper, 
wound round a cylinder, which can be shifted over the 
surface of this cylinder, curving it, but without subjecting 
it to iany extension and forming no folds on it. Let us 
now consider equal on the surface of a cylinder two fig- 
ures which can be superposed precisely by such a move- 
ment, even if it is followed by curvation. This is quite 
natural for these two figures will be found to be equal 
(congruent in the ordinary sense), if both are unfolded 
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on a plane. Fig. 11 shows triangles which can be so 
superposed. In these circumstances it will be found that 
the surface of a cylinder also generates ordinary Euclid- 
ean geometry. If other surfaces are approached from 
the same angle, if ia search is made fer surfaces which 
will allow superposition precisely in this sense (by 
means of movement, accompanied 
by curving), then the number of 
surfaces that permit this would 
considerably increase. And Euge- 
nio Beltrami proved—and that for 
us is the most important—that in 
ordinary (Euclidean) space there 
exist surfaces which in this sense 
generate Lobachevsky’s two-dimen- 
sional geometry (plane geometry). 
Figuratively, it can be said that a 
hyperbolic plane is wound round 

Fig. 11 them just as a Euclidean plane is 

| wound round our ordinary cylinder. 
The parts of this surface are saddle-like in shape: in one 
direction they are turned, let us say, upwards (like asad- 
dle along the side of a horse) and in the perpendicular 
direction they are turned downwards (like a saddle across 
a horse). All the correlations of hyperbolic geometry such 
as equations which connect the sides and angles 
of a geodetic triangle, the connection between the radius 
and the length of the circumference, its area, etc., are ac- 
complished in exactly the same way as is envisaged by the 
plane geometry of Lobachevsky. Many models of such 
surfaces were made. These surfaces are usually called 
pseudospherical surfaces.! The sceptics (this was now out 
of place) could check on this by direct measurement. 
Lobachevsky’s plane geometry had taken effect in real 


1 Figures 12, 13 and 14 show different types of pseudospherical 
surfaces. 


74 


images, phantasy was transformed into reality. The seem- 
ing divergence from reality, which had caused so much 
objection and even indignation, arose out of the fact that 
the theoretic system constructed by Lobachevsky was 
applied, and he himself applied it, to the wrong type of 


Fig. 12 Fig. 13 


images and like clothes seemed awkward when worn by 
a person they do not fit. This, of ccurse, is a crude com- 
parison, but it does give an idea of what sactually hap- 
pened. 

The impression produced by this discovery was im- 
mense. The most astonishing thing was that the intui- 
tion of a brilliant geometer through what seemed a phan- 
tastic hypothesis, through subtle logical reasoning and 
complex analytic deduction led to unexpected reality, 
which the author himself did not foresee. Here, theory, 
in pure mathematics, had forestalled experience. 

The. investigations which began on this basis still left 
a measure of doubt of minor importance, due to the spe- 
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cific structure of pseudospherical surfaces (the singular 
points and edges on them, as seen on the diagrams, and 
so forth). However, we shall not dwell on this here. There 
was a more serious matter that had to be dealt with, 
namely: Lobachevsky’s two-dimensional geometry was 


Fig. 14 


evolved on pseudospherical surfaces. But he had con- 
structed a geometry of three-dimensional (hyperbolic) 
space. What then is its fate, can it, too, lay claim to con- 
crete existence? The answer to this question was provided 
by the ideas of another geometer—Georg Friedrich Bern- 
hard Riemann. 


AI 


In 1854, Riemann was admitted to the college of pro- 
fessors of Goettingen University. Prior to this he had to 
deliver a probationary lecture before a general meeting 
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of the faculty. Following the usual procedure he submit- 
ted three topics of which Gauss selected the third under 
{he title of Uber die Hypothesen welche der Geometrie 
zu Grunde liegen. When working on the lecture Riemann 
thought chiefly of Gauss as his audience and made it very 
brief; it was more of a synopsis, an outline of some very 
profound ideas, rather than a paper ready for publication. 
That was why Riemann did not publish it, evidently in- 
tending to develop it. But he did not live to do this; in 
1866 the manuscript was published by Dedekind. The 
ideas outlined therein are closely connected with Loba- 
chevsky’s works. 

Riemann began by defining “‘manifold” as an aggre- 
gate of elements—objects, detached, included in its compo- 
sition by definite signs. At present, on the initiative of 
Cantor, the term ‘‘set” is preferred to “manifold.” This 
concept has broad meaning: any aggregate of concrete or 
abstract objects, any collective of things, concepts, ideas 
represents a set. Riemann studied sets of a special cate- 
gory, particularly those in each of which the element can 
be determined by several magnitudes. The number of these 
magnitudes is characteristic of a set. If the element of 
a set is determined by n quantities, it is said to have n 
measurements. A plane is a set of points, whose element 
is defined by two magnitudes (its two coordinates) —that 
is a two-dimensional set. In this sense every spherical, 
cylindrical or any other surface can be regarded as ia two-. 
dimensional set of points. A sheaf of rays in space, 
issuing from one point, is also a two-dimensional set since 
the element of this set is determined by two magni- 
tudes (in terms accepted in astronomy—altitude and azi- 
muth); the aggregate of all straight lines on a plane is 
also a two-dimensional set. Each point in space is defined 
by three dimensions (by three coordinates); space in the 
ordinary sense is a three-dimensional set of points; space 
is said to have three dimensions. The aggregate of all 
straight lines in space is a four-dimensional set. Indeed, 
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fix any plane Q; the straight line in space is defined by 
two coordinates of its “track” on plane Q, i.e., point M, 
at which it meets plane Q, and two magnitudes by which 
it is defined in the sheaf of straight lines, issuing from 
point M. The aggregate of all circles on a plane is a set 
of three dimensions; each element—circle—is defined by 
the coordinates of the centre and radius; the aggregate of 
all spheres in space is a set of four dimensions. The aggre- 
gate of all ellipses on a plane is a set of five dimensions. 
But a set does not necessarily have to be composed of 
elements of an ordinary geometrical type in the general 
sense of the word, Helmholtz held the view, accepted in 
his time, that all colours can be made up of three principal 
ones, applied in varied quantities. He believed that the 
ageoregate of all colours is a three-dimensional set. Imag- 
ine a swarm of material particles travelling in space. 
At each moment the element of this swarm is character- 
ized by three coordinates of a point in which it finds it- 
self and in the course of time by a fourth magnitude: indi- 
cation of time. A swarm of particles travelling in space 
and in time is a four-dimensional set. We have dwelt in 
detail on this concept because of its paramount import- 
ance, of the great role it now plays in both mathematics 
and reiated subjects, particularly in physics. 

Riemann’s main point was that geometry was not ex- 
clusively the domain of a set of points—two-dimensional 
(surface) or three-dimensional (space). It is possible to 
construct a geometry of straight lines, a geometry oi 
circies, spheres; it is possible to go much farther—to con- 
struct a geometry of a set of colours, a geometry of 
swarms, etc. Of course, if we have in mind a metric geom- 
etry, we have, first of all, to establish the principle upon 
which the measurements in different sets will be based; 
it was a metric geometry that Riemann had in view. Con- 
sidered on such a broad plane, from the viewpoint of 
such wide use of geometry, the question arises as to 
what is meant by measurement in any set, how it is to be 
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carried out and what “definition of measurement” is to 
be applied. Unless a general principle is established the 
perspectives become extremely vague and it is impossible 
to see how geometry is to penetrate to other sets. Riemann 
was well aware of the fact. His underlying idea, his 
vpeatest achievement was that he devised the main and 
hasic principle for carrying out measurements in sets 
which represented a far-going generalization of the point 
manifoids for which classical geometry was constructed. 
lt is impossible to go into the details of this principleina 
brief essay. All we need say here is that this concept is a 
natural, but far-going generalization of the set-up by which 
ineasurements on surfaces are made in Euclidean space.! 

The geometry constructed on this basis is called Rie- 
mannian geometry (in the broad sense), which has been 
widely developed. Various sets were indicated with very 
original geometric systems, which differ from one anoth- 
er by their definition of measurement. And the question 
naturally arose: which system is the simplest? It appeared 
that the simplest were the geometries we had already 
examined: in the two-dimensional domain, i.e., in sets of 
two dimensions, it is, first of all, Euclid’s plane geome- 
try; then come spherical and hyperbolic geometries—Lo- 
bachevsky’s geometry: But Riemann proved that either of 
these geometries allows for development also in a space 
of three dimensions. Three-dimensional hyperbolic geom- 
elry is precisely the geometry that Lobachevsky had 
constructed; three-dimensional spherical geometry is a 
peculiar geometry which is frequently called Riemannian 


1 Tf x1, x2, x3,..., x” are coordinates of a point of a set (here 
the figures above are not quantities of power, but are simply desig- 
nations of coordinates) and x!+-dx!; x?4-dx?,..., x"-++dx" are the 
coordinates of an infinitely near point then Riemann takes the 
square of the distance between them to be expressed by the sum ol 
the terms gi;, dx*, dx’ where gi; is the function from coordinate 
xi, x?2,,.., xn, This is a direct generalization of a usual definition 
of measurement on a surface. 
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geometry in the narrow sense, and with a certain modifi- 
cation—elliptic geometry. In this geometry all straight 
lines (geodesics) sare closed, have a finite and one and the 
same length; any two planes are intersected, like any two 
straight lines, on the plane. Elliptic geometry is a geom- 
etry of finite space. It can be said that in the same way 
as the geometries of Lobachevsky and Riemann (in the 
narrow sense)—hyperbolic and elliptic geometries—de- 
veloped from Euclidean geometry so now Riemann’s ge- 
ometry in the broad sense developed from them. This 
evolution also goes farther, involving more and more 
different sets, subordinating to geometry an increasing 
number of peculiar, purely material collectives, That was 
now the very concept of geometry grew, how it developed 
in content, how its edifice rose higher and higher. As was 
stated at the outset, Euclid’s geometry was the foundation 
stone of this edifice. For thousands of years this founda- 
tion stone lay until Lobachevsky began building up the 
edifice. It was the first daring step of a brilliant mind, and 
when the idea was carried into effect, when the inertness of 
the ages was overcome and Lobachevsky’s ideas won rec- 
ognition, geometry started an entirely new existence, 
acquired new content and extensive application. For this 
science, which, unlike any other, seemed to have become 
dormant in its classical forms, an era cf broad evolution 
commenced. 

Very curious and important sets in which Lobachev- 
sky’s geometry was fully represented were indicated by 
Poincaré, Cayley and Klein. Now no one doubted its logi- 
cal accuracy, no one suspected any contradictions in it. 


XIV 


As we have seen all these ideas have been the out- 
come of geometrical development; by the close of the 
nineteenth century the problem could be solved. More- 
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over, the principles were founded upon which every branch 
of mathematics should logically be constructed, and even 
deductive science. What are these principles? 

Every strictly deductive science must have for its foun- 
dation a number of postulates—demands made, on that 
set, that aggregate of facts, concepts or ideas, in which 
the system is applied, in which, as is usually said, it is 
effected. In constructing such a system on the basis of 
a definite aggregate of postulates, it is essential, first of 
all, to show that it is not contradictory, it is essential 
to solve the problem that had occupied Lobachevsky all 
his life. And to discover this it is necessary to show such 
a set, concrete, composed of material elements, in which 
all these postulates are effected: what concretely exists 
cannot be inconsistent; and there is no other criterion 
lo prove the consistency of the aggregate of the thesis 
of the postulates, but to show a real set in which all 
these postulates are effected. This exactly was done in 
relation to Lobachevsky’s geometry. 

But the system of postulates which forms the founda- 
tion of a deductive science must not have any superfluous 
postulates, If one of them can be detached from the 
others then there can be no place for it among these 
basic notions, it must be withdrawn to the aggregate of 
conclusions—theorems; the system of postulates must 
consist of independent premises. To prove the independ- 
ence of any postulate, we have to discover the existence’ 
of a set in which all other postulates are effected while 
for this one there is no justification and no place; it is 
necessaty to do as Lobachevsky did to prove the inde- 
pendence of the postulate on parallel lines. This should 
be done in the case of each separate postulate. 

By the end of the nineteenth century this programme 
was in the main carried out by Hilbert in Germany, Veb- 
len and Gentington in the U.S.A., Whittaker in Britain 
and V. F. Kagan in Russia; it can be said that the task 
of substantiating geometry was in the main accom- 
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plished: Thus, on the basis of Lobachevsky’s ideas a prob- 
lem was solved which occupied the minds of mathemati- 
cians for two thousand years. Today, too, this system 
forms the foundation for the development of all branches 
cf mathematics; but deep-rooted difficulties of a lag- 
ical nature still remain. If to this we add that Poin- 
caré discovered another, most remarkable application of 
hyperbolic geometry for analysis (theory of automorph 
functions), this will ina way characterize the state of de- 
velopment of Lobachevsky’s ideas towards the end of the 
nineteenth century. The present century brought a further 
upswing of these ideas. 


XV 


Mechanics is constructed wholly on Euclid’s geometry; 
kinematics is generally referred to as the geometry of 
motion, and in classical mechanics this geometry is 
Fuclidean geometry. A change in geometry naturally 
also brought about a change in mechanics. 

The first investigations of mechanics in Lobachev- 
skian space was made by Tilly and Genocchi; these were 
still attempts to prove the inconsistency of non-Euclid- 
ean geometry by showing its contradiction with the 
principles of mechanics. From the very outset we come 
up against a number of paradoxical theorems here. Thus, 
in hyperbolic space no motion is possible when all points 
describe straight lines; only one point of a solid may 
have a rectilinear trajectory; a forward motion such as 
is effected in Euclidean space is impossible in Lobachev- 
skian or Riemannian space. However, these paradoxes 
are of the same nature as those which arose in geometry 
proper; they do not lead to logical contradiction, It is 
true, nevertheless, that mechanics in non-Euclidean space, 
whether of Lobachevsky or Riemann, is not the same 
as in ordinary Euclidean space. This was soon clearly 
apparent and before long there appeared ian investiga- 
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tion on the mechanics of non-Euclidean space. The foun- 
dation for it was laid by two English geometers—Clifford 
and Ball. This was followed by the works of many math- 
ematicians, To a certain extent the credit for the so- 
lution of this problem belongs to the Russian geometer 
A. P. Kotelnikov.t The latter proved that the construction 
of a mechanics of non-Euclidean space would best of all 
be achieved by means of the construction of a special, 
in a sense, doubled theory of vectors, of a different 
theory of complex numbers. Hence, Lobachevsky’s theo- 
ry found a way also to the theory of vectors and the 
teaching on complex numbers. The mechanics of hyper- 
bolic space was soon applied for practical purposes. 
Early in the present century, thanks to the achieve- 
ments in precision measurements, physical investigation, 
mainly in the sphere of the teaching on propagation of 
light and electromagnetic oscillations in general, shook 
the faith in the absolute reliability of the foundations 
of classical mechanics. It had become evident that at 
relatively small distances and comparatively small veloc- 
ities classical mechanics prevailed. But there were clear 
indications that at very great velocities, like that of light, 
these laws did not apply even at relatively small dis- 
tances. To embrace aiso these motions a different mechan- 
ics had to be devised. How was this to be done? Ein- 
stein considered that a more general system of mechan- 
ics had to be constructed, one that would contain a ve- 
locity of motion relative to the velocity of light in a vac- 
uum as a variable parameter, which at small values 
would not differ from classical mechanics, This idea ob- 
viously followed the trend laid down by Lobachevsky in 
that the relation of the new mechanics to classical me- 
chanics should be the same as that of Lobachevsky’s ge- 


1 A. P. Kotelnikov, Descriptive Theory of Vectors, Bulletin of 
the Kazan Physics and Mathematical Society (2), VIII. and IX, 
Published also in a separate edition, Kazan, 1899, -_ 
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ometry to Euclidean geometry. Einstein’s theory, the so- 
called special theory of relativity, is constructed precise- 
ly on this basis. 

The principle underlying this construction now domi- 
nates in theoretical physics. In the past one theory took 
the place of another, obliterating the former, replacing 
the former hypotheses by others which excluded the pre- 
vious ones. Now a different principle is everywhere ap- 
plied: a theory which explains phenomena in essence, 
but which nevertheless reveals defects in this or that 
point, is replaced by a more general principle containing 
numerical or functional parameters, which in individual 
instances assumes the form of the previously existing 
theory. This notion comes from geometry, from the works 
of Lobachevsky. 

However, the connection between the special theory 
of relativity and geometry in its new and wider mean- 
ing is far closer. 

Imagine two mediums in Euclidean space moving uni- 
formly relative to each other. Imagine an observer in 
one of these mediums and ask yourself the question: 
how do phenomena he observes change, how do they re- 
crystallize in the mind of the observer in the other me- 
dium? To answer this question is the aim of the theory 
of relativity. The idea is as follows. 

Suppose we establish cartesian coordinates in the first 
medium. The position of each point of the second me- 
dium relative to the first at each instance ¢t is determined 
by the three coordinates x, y, z. If we wish to trace what 
is taking place in the second medium in due time, we 
have also to take into account the time factor, determined 
at a given count of time by a certain quantity f Each 
point of the second medium is determined in both space 
and time by the quantities x, y, z, t. The second medium, 
moving relative to the first, in defining this motion as 
taken in due time is a four-dimensional set or as is of- 
ten said a four-dimensional space. This change in termi- 
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nology, the naming of this set a space, caused a good 
deal of confusion and misunderstanding. It would per- 
haps have been more prudent and expedient not to in- 
troduce this term. To establish what phenomenon takes 
place in the second medium it was essential first of all 
to establish the definition of measurement of this set, a 
geometry of this set had to be created in conformity with 
the phenomena it was to embrace. This was accom- 
plished by Einstein and later perfected by Minkowski. The 
geometry of Einstein-Minkowski is a geometry of a four- 


dimensional manifold, depending on one parameter (—, 


where v is the value of the velocity of the second medium 
relative to the first, and c is the velocity of light). This 
is a geometry of motion, it is the physics of phenomena 
in the second medium which takes into account only its 
motion, leaving outside its field of vision all the other 
physical agents—the phenomena of gravitation and elec- 
tro-magnetism. 

The special theory of relativity was now generally 
recognized, The next step had to lead to the construc- 
tion of a geometry which would embrace gravitational 
phenomena. Einstein believed that this would be achieved 
by introducing in the same four-dimensional set a more 
complex, ia more profound metrics. Einstein accomplished 
this in general outline in his general theory of relativity 
which includes the special theory as an individual in- 
stance just as the general Riemannian geometry includes ° 
Lobachevsky’s geometry as an individual instance. 

Physicist sought to construct such a geometry of a 
four-dimensional set which would embrace also electro- 
magnetic phenomena, to construct a unified field theory. 
But so far not even a general outline of this definition 
of measurement has been discovered. It is clear, however, 
that the evolution of geometry, directly influenced by 
Lobachevsky, penetrates all spheres of modern theoreti- 
cal physics. 
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APPENDIX 


I. IMPORTANT DATES IN THE LIFE 
OF N. I. LOBACHEVSKY 


Dec. 1. Born. 
Nov. 17. Entered Kazan Gymnasium. 

Feb. 26. Enrolled as a student of Kazan University. 
Aug. 15. Conferred the degree of Master of Physics and 
Mathematics. 

March 18. Appointed assistant professor of physics and 
mathematics, lectured on pure and applied mathematics 
(physics in 1819 and 1820 and from 1823 to 1826; astrono- 
my from 1819 to 1822 and from 1823 to 1825; statics and 
dynamics from 1825 to 1827; hydrostatics, hydraulics and 
the teaching on gases in 1827 and 1828). 

July 19. Appointed extraordinary professor. 

In April, when Prof. Simonov went for a round-the-world 
trip, taught astronomy and was in charge of the observa- 
tory. 

Dec. 28. Appointed member of the University’s Library 
Committee. 

On behalf of the guardian purchased in St. Petersburg as- 
tronomical and physical equipment as well as books on 
mathematics for the University. 

Appointed member (and in 1825 chairman) of the Univer- 
sity’s Construction Committee. 

March 9. Promoted to a professorship (endorsed June 5). 
From Dec. | to June 1821 and from June 12th, 1823 to 
August 1825 acted, on election, in the capacity of dean of 
the faculty of physics and mathematics. 

Oct. 20. Elected acting University librarian. On March 3, 
1826, was officially approved in that capacity; held the post 
until April 3, 1835, combining it with his duties of rector. 
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1826. 


1827. 


Feb. 23. Read a paper before the physics and mathematics 
section on the principles of non-Euclidean geometry he had 
discovered. 

Aug. 11. Approved rector of Kazan University; started 
work in that capacity on Sept. 6, occupying the post until 
Aug. 26th, 1846. 


i829-30. Published a memoir On the Principles of Geometry in the 


1845. 


1846. 


i855. 
1855, 


1856. 


Kazan Messenger which was the first exposition of non- 
Euclidean geometry to appear in print. 

April 30. Took over the duties of district guardian in view 
of the departure of Musin-Pushkin for St. Petersburg. 
Aug. 26. Appointed assistant guardian of Kazan education- 
al district. 

Published his last work, Pangeometry. 

Nov. 24. Discharged from the service owing to ill-health 
and attached to the Ministry. 

Feb. 24. Died in Kazan. 
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The manuscript was found which Lobachevsky had submitted for 
publication in 1823. Published in Kazan in 1909 in one volume. 
foreward by A. V. Vasilyev. Collected Works, Vol. II, 48-107. 
Introduction and commentary by V. F. Kagan. 
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tary by A. P. Norden and A. N. Khovansky. French text, reworked 
by Lobachevsky: Géomeétrie imaginaire, Journ, fiir die reine 
und angew. Math., Berlin. 1837, 17, 4, 105-320. Collected Works on 
Geometry, Vol. II, 581-613. Translated into Russian: Collected 
Works, Vol. III, 139-170 (Translation by A. N. Khovansky). 

4. Application of Imaginary Geometry to Certain Integrals. 
Scientific Papers of Kazan University, 1836, Book I, 3-166. Col- 
lected Works on Geometry, Vol. I, 121-218. Collected Works, 
Vol. III, 181-294, introduction and commentary by B. L. Laptev. 
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5. New Elements of Geometry with Complete Theory of 
Parallels. Scientific Papers of Kazan University, 1835-38. Collected 
Works on Geometry, Vol. I, 219-486. One volume edition, 
Kharkov, Kharkov Mathematical Library, 1912, with author’s biog- 
raphy and notes by D. M. Sintsov. Collected Works, Vol. II, 
147-454, introduction and commentary by B. L. Laptev, A. P. Nor- 
den and A. N. Khovansky. 

6. Geometrische Untersuchungen zur Theorie der Parallellinien. 
One volume edition. Berlin, Fincke, 1840. Collected Works on 
Geometry, Vol. II, 553-578. Russian translations: Geometrical 
Researches on the Theory of Parallels, translated by A. V. Letni- 
kov, Mathematical Collection, 1868, 3, 78-120; Geometrical Re- 
searches on the Theory of Parallels, Collected Works, Vol. 1, 79- 
127, introduction and commentary by V. F. Kagan; one volume 
edition, 1945. 


7. Pangeometry. Scientific Papers of Kazan University, 1885, 
Book I, 1-76. Collected Works on Geometry, Vol. 1, 489-550. 
Collected Works, Vol. III, 435-524, introduction and commentary 
by V. F. Kagan. Translated into French by N. I. Lobachevsky: 
Pangéomeétrie, ou précis de géomeétrie fondée sur une _ théorie 
générale et rigoureuse des paralléles, Kazan, 277-340. Collected 
Works on Geometry, Vol. II, 617-680. 
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1. E. P. Yanishevsky, Historical Paper, Life and Work of Niko- 
lai Ivanovich Lobachevsky, Kazan, 1868. 


2. F. Engel, N. I. Lobatschefskij, 1898. Supplement to German 
translation of two of Lobachevsky’s works: On the Princip.es of 
Geometry and New Elements of Geometry with Complete Theory 
of Parallels. 


3. A. V. Vasilyev, Nikolui Ivanovich Lobachevsky. Russian Biog- 
raphical Dictionary, Vol X, St. Ptsbg. 1914. 

4. D. M. Sintsov, Nikolai Ivanovich Lobacheusky, Kharkov, 1941. 

5. V. F. Kagan, Lobachevsky, 1944, second edition, 1948. 


6. B. G. Kuznetsov, The Life of N. I. Lobachevsky. “Soviet 
Science,” 1940, No. 6. 


7. L. B. Modzalevsky (Ed.), Materials for the Biography of 
N. I. Lobachevsky, 1948. 
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4. Popular Books on Non-Euclidean Geometry 
(Tabled Chronologically) 


I. V. F. Kagan, Essay on Lobachevsky’s Geometrical System 
Odessa, 1900. 

2. S. Lukyanchenko, The Space of Lobachevsky and Bolyai. 
Part I, Kharkov, 1914, Part I], Kharkov, 1914-15, second edition 
of Part I under the title of Elements of Non-Euclidean Geometry 
of Lobachevsky and Bolyai, 1923. (The book has its shortcomings 
but gives a popular exposition of Lobachevsky’s geometry.) 

3. R. Baldus, Non-Euclidean Geometry. Translated from the 
German by N. V. Efimov, edited by G. B. Gurevich, 1933. (A very 
merited paper though its presentation of hyperbolic geometry 
is not in Lobachevskian style.) 

4. P. S. Alexandrov, What is Non-Euclidean Geometry? ‘“Ni- 
kolai Ivanovich Lobachevsky, Collection of Articles,” 1943. 

5. P. A. Shirokov, Short Essay on Lobachevsky’s Geometry, 
1955. 

6. I. M. Gull, Lobacheusky’s Geometry, 1947. (This little book- 
let gives an elementary, but very lucid description of the elements 
of non-Euclidean geometry.) | 

7. V. F. Kagan, The Foundations of Geometry, Part. I. Loba- 
cheusky’s Geometry and Its Prehistory, 1949. (Detailed exposition.) 

8. A. P. Norden, An Elementary Introduction to Lobachevsky’s 
Geometry, 1953. 

9. B. N. Delone, Short Essay on the Proofs of the Consistency 
of Lobachevsky’s Plane Geometry, 1953. (Contains a projected in- 
terpretation of Lobachevsky’s geometry on a plane.) 


